EE 333 Electricity and Magnetism, Fall 2009
Homework #12 solution

7.4. Given the lossless transmission line in Figure P7.4, if it takes T seconds for
a traveling wave to move from the sending to the receiving end of the line:

1. Plot the voltage at the receiving end as a function of time up to t = 97
Write the voltage value on the plot for each time interval.

2. Plot the sending-end current up to ¢t = 97 and write the current on the
plot for each time interval.

3. What are the final values of the load voltage and current?

1. The initial voltage wave has amplitude
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The reflection coefficient at the receiving end is
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The reflection coefficient at the sending end is
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At each time t = 0,7, 2T, ... a wave is launched. I will label those vy, vy, vy, etc.
already computed v} above. Then,
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Now, up to time T', the voltage is v, = 0V. For T' < t < 3T, the voltage is vy, = v +v; .
For 3T < t < 5T, the voltage is vy, = vg + vy + vy v;. For 5T < t < 7T, the
voltage is vy = vf + vy + vy + vy +vf +vs. For 7T < ¢t < 9T the voltage is
v =vg +up oy v +uf +ug +od +os.
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2. First compute the currents. For forward traveling waves, it is the voltage divided by
the line impedance. For reverse traveling waves it is the negative of that, so we get
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Then, for 0 < t < 2T, i¢ = ig, for 2T < t < AT, ig = iy +1i; + 15, for 4T <t < 6T,
ig =ig +1i, +ig +iz +if, for 6T <t < 8T, ig =i +1i; +iy +1i5 +if +is +ig, for
8T <t < 10T, ig =i + iy +1iy +i5 +if +i5 +ig +i7 +ig
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3. The final values for load voltage and current are those we expect from considering the

transmission line a short,

R, 50
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R, + Rg 50 + 150

x9=225V

= 45mA

7.5. For the transmission line shown in Figure P7.5, obtain equations describing
the variation of the load current with time. Plot this current variation as a
function of time and explain physically the reason for the occurrence of such

variation.
We begin by noting that at the load we have

vt T
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Add the last and first equation and we get

v + ZoiT = 2U+

Zoip =vT —ov~

and we are asked to determine ir. For an inductor we have the relationship between current

and voltage which is

dir
==t
T
Substituting it in the above equation we get
dir
L— + Zyir = 20"
o7 olr



We look for a solution after time ¢ = 0 when the pulse v™ arrives at the inductor. The
solution is

Zgt

ir=Ae" L+ B
Inserting we get

Zgt

7 t
Lfer‘ZTO + ZoAe~ T + ZoB = 20"

At t — oo the exponential term is zero, and we have

At t = 0 the current is zero, so A+ B =0, A = —B. We thus have
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Now, vt = 209V, = %QVO =V, so
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7.6. A transmission line of characteristics impedance Zy; = 50 (2 and length d =
900 m is terminated by a load resistance of 200 (2. At a distance z = 600m, a
resistive discontinuity is introduced as shown in Figure P7.6, where R; = R, =
50€2, and Rp = 100 2. The line is then connected at ¢ = 0 to a battery of 3V,
which has an internal resistance of 100 (2. If the velocity of the wave propagation
along the transmission line is © = 3 X 10®8m/s, use the reflection diagram to
determine the following:

1. Sending-end voltage versus time, up tot =6 X 1076s.

2. Voltage distribution along the transmission line at time t = 3.5 X 10~ %s.

1. Here is a un-labeled reflection diagram



At every interface we have

P , vt wT
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We next find the ratio vr/ip = Z divide the two equations, and re-arrange to find the
reflection coefficient off a load Z;, as

F—E—ZL_ZO
St Zp— 7

Reflection coefficient off the generator is

Zo—Zy 100-50 1
¢ Za+Z, 100+50 3

Reflection coefficient off the load is

ZL—Zy 20050 3

L Y Zy T 200450 5

Reflection coefficient off the interface is the same whether approaching it from the right
of the left because of symmetry, so we call it simply

Zi — 2o
=
Zi+ Zy

where Z; = Ry + [(Ry + Zo) ||Rp] = 100, so we get
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Note that Z; is the relationship between a total applied voltage and total resulting
current.

The transmission coefficient through the interface is the same regardless of which side
it is approached from. If we apply a total voltage vr at the left side of the interface,
we see that the right side output is 1/4 of that, so
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This is also the transmission coefficient going in the other direction. The original in-
coming wave has amplitude
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Now we can label the waves in the reflection diagram

125
115
1/9 /15
1/5
13
173
1

For the first 4 us the voltage is 1 V. For the next 2 us the voltage is 1+ é + é V=144V.
At 6 us the voltage jumps to 1+ % + % + % + % V = 1.53V, where the last term comes
from the 1/3 reflection off the generator, but is not shown.

. The voltage distribution along the line at that time can be found by summing all waves
at each point up to that time
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We see that the voltage distribution is as follows:

1V 0<2z<150m

1.33V 150 < z < 600 m
0.33V 600 < z < 750 m
0.53V 750 < z < 900 m

v(z) =




