Solutions to Homework #4

Northrop 2.10
Node equation for V5

Vi Vi
— =0
Rs - R+ AR
Node equation for V3
Ve WiV,
— 4+ =4+—=—=0
R3 + R + Ry
Isolate V] in each equation and eliminate it
R+ AR R R
-V =Vi=-Vg——-V,—
5 R, 1 5. 7
Now isloate V,
R R+ AR R
V,— =YV, —V—
R, " R "Ry
Ry, (R+AR R
V, =Veo -
"R ( Rs Rg)
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PR Rs
RyAR
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" RsR

Northrop 3.1
(A)
The RMS noise voltage is 1/ (v?). Over a frequency band [fi; f], the RMS noise voltage is

fo
RMSnoise =V <'U2> = / Sdf

For a resistor the noise power spectrum is

Sp (f) = 4kTR

f2
NI /f AKTRAf = /TR (f, = 1)

For R = 1 MQ, 4kT = 1.656 x 1072, f; = 100 Hz, and f, = 20kHz, we get

So that

v/ (V%) = /1.656 x 10-20 x 1 x 106 x (20 x 103 — 100) = 18 1V
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(B)

The equivalent circuit looks like this

—— C

Now the resistor and capacitor form a RC low-pass filter with transfer function

1
- SRC +1

Then the output noise power spectrum, S,,(f) at the point v, can (according to Northrop
Equation 3.35) be expressed as

H(s)

Sno (f)) = SR |H (27ij>‘2
Inserting Sg = 4kT R we get

1

Sno (f) =4KTR ‘jQﬂ'fR—CH

1
(1+ j27fRC) (1 — j2rfRC)

_ 4KTR

1+ (20 fRC)?

=4kTR

(C)
We are being asked to compute the RMS voltage at the point v,, which, according to Northrop
Equation 3.14 is



V@ =/ / " Sl f)df

~  AKTR
_\//0 1+ (27 fRC)de

4kTR

(2rRC)?
= T df
1
J / @mmop T/
_ 4kTR /OO 271'}%0 df
“V 27RC 1
m 0 (2rRC)? +f
_ J4KTR z
“Vaorrc\ 2
B (kT
Vo

Insert given values to get

2 % 1.656 x 1020
V (v2) = \/4 =13x107°V

23 x 1012

Northrop 3.2
(A)
The input signal to the amplifier is

Vi = vs(t) = Visin (27 fot)

The output signal is also a sinusoid,

Vo = VoKy

—————— | sin (27 fot + 6
Ti2mfo + 1 sin (27 fot +6)

where 6 is used to indicate the phase shift introduced by the low-pass filter. The RMS of V,,
is then

(Ve =

o

1 1
— V.Ky|————
V2 Virianf, + 1 ‘
~ VsKy 1

V2 /(U +752nfo) 1 — 752 fo)
_ ViKy 1

V2 1+ (127 fy)?




If we plug in the numbers given, V, = 10 x 1075 1V, Ky, = 103, 7 = 0.01s, fy = 100 Hz, we
get

10 x 1076 x 103 1
Vz) = ————= —0.011V

V2 V14 (0.01 x 27 x 100

(B)
The RMS of the noise voltage at the point V, is

(V) = / " s, (f)df

where S,(f) is the noise power spectrum. The noise power spectrum at the point V, is related
to the noise power spectrum at the point V! by the equation

2

S.(0) = SO (G2m ) = S,00) | s

The noise power spectrum at the point V! is related to the power spectrum at the point V;
by

So(f) = Si(f)EY

The noise power spectrum at the point V; is

Si(f) =4kTR + €2,

We can insert these expressions to obtain the RMS noise voltage at the point V,,

2

o0 1
\V (Viw) :\// (4kTR +¢2,) K7, W df
2
\/4kTR+e$m\// 7']27?f+1 df

The integral can be found in the first line of Table 3.1 on page 125. The entire expression
thus reduces to

K3
4 X 21T

(VA =\/4kTR + 2,1/ 21

K?
_ 4kTR 2 |4

Insert given values to get

V (Viw) = T4pV
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(C)
The SNR is

9 VSQK‘Z/ 1
SNRO — <VY0 > _ 2 1+(T27"f0)22
(Von) (kTR +e2,) 52
_ VKT T
2(4KTR+e2,) KL 1+ (r27fo)?
_ VEKY 1

CQ(KTR+e2,) Kb L 47 (21 f)?

In order to maximize SNR, we must minimize the denominator of the second fraction. The
minimum is the solution to

d

0 :d—T (- +7 (27Tf0)2)

1 2

- — ﬁ + (27Tf0)
1
T =
27 fo
Inserting given values we get

1 -3

=500 1.6 x 10

Insert this value to obtain the maximum SNR,,

SNR, = 7.2

Northrop 3.3

(A)

We first need to compute the output noise. Each resistor produces noise voltage with a power
spectrum

Sp =4kTR

Because the bridge is a 50/50 voltage divider with respect to each noise voltage source, only
half of the noise amplitude leaves the bridge, from each resistor. This is a quarter of the
power spectrum. So the power spectrum at the output node of the bridge is

4kTR
Sbridgo(f) =4 x 7 =4kTR

The noise power spectrum at the input to the differential amplifier is
Si(f) = 4kTR + €2,

b}



The noise at the point Vis

SU(F) = (KTR + €2,) K
The MS output at the point V, is

o= [ TS H (2n ) df = S.B = (4KTR+ 2,) K3 B
0

Next, let’s find the mean-squared variation of the signal. The input to the negative node of
the differential amplifier is

R— AR R— AR
= Vp(t)

Vi(t) = Ve(t)

R+AR+R—- AR 2R
The input to the positive node of the differential amplifier is
R+ AR R+ AR
Vi) =Vel e prr—ar - #Wg
The output of the differential amplifier, V. is then
R+AR R-AR AR
"(t) = (Vi(t) = V! () Kp = — Kp = —K
Vile) = (Vi) = Vi) K = Volt) (T — 5 ) Ko = Vel G Ko

The signal passes through the bandpass filter with unit amplification. The mean-squared
value of the output signal voltage, V,(t) is therefore (V2) is therefore

w2 =0 = ) (58) w3 = 2 (A as

We now want to find the value of AR which satisifes the equation

() = (V)
(4kTR+e,) KB = Vi (AR 2K2
na D 2 R D

2
AR— F UKTR+ 2B
VB

Now use R =330Q, Vg =7.071V, T = 300K, e,, = 15 HWVZ, and B =10 Hz.

2 x 3302
AR :\/ﬁ (4 x 1.38 x 10-2 x 300 x 330 + [15 x 10-9]?) x 10

=1.0x 107%Q

Northrop 3.9



(A)

Node equation at the point where the four wires meet

Vo
Rp

where Ip is the diode current. In the dark, Ip = Ipg and we get

+1Ip—Ip=0

Vo =Rp (Ip — Ipk)
=10° (35 x 107" + 4 x 1077)
=4mV

(If we assume that I flows in to each amplifier input terminal then the answer is also
V, =4mV)

(B)

Let’s follow the example in Northrop section 3.8.5. In that example we must replace R; with
Rp in the positions where it is used as an amplitification factor, and replace the noise from

R; with the noise from the diode. The resistance of the diode is

RD = RDKHRP
Vs

where Rpx = T and Rp = }/—If The output noise is

Ip
Rp\ > 4kT Rp\”
g [ 2E 2 20 Re 2 (12
D<RD) +<zna+ RF) F+ena< +RD>

The output voltage from the signal is

B

Vo= Rp (Ip — Ip)
so that the mean-squared output voltage is
(V2) = R} (I — Ip)* = R% (Ip — Ipk — KP)?

According to Northrop section 3.8.5 the noise power spectrum at the output is

Re\> (.,  4kT Rp\”
S,=Sp [ =£ 2 L VR4 (14 2E
D(RD) +(ZM+RF) b, (140

where
Sp =i%, RY, = 2qIpR% Ip = Ipg + Ip Ip=KP,
1 1 1 I KP,
T DK +
Rp Rpx Rp Vi Vi
so that



[ Sp 4KT 1 1\?
S, =R2 —_— —+ —
7 R2 +i2, + Rr +e (R + RD)
[ , 4kT 1 Ipk  KP ?
=R% |2qI — —
P |2alp et (RF+VS+VS)
[ AKT 1 Ipx +KP,
=R% |2q (I KP) + B S L SN
+ 12¢(Ipkx + ) + +RF+ (RF_'_ v )
The means-squared noise at the output is
<U§> = 5,B

the output SNR is

R% (Ig — Ipx — KP)?

2
e [2q(IDK+KP)+Z%a+4kT+e%a <$F+ID%SKP’L') }B

SNR, =

(Ip — Ipg — KP)?

2
[2Q(IDK+KP)+Z%LI+4kT+e$La<RlF +w> } B

(C)

I think there is a mistake in the assignment. I think the equation in this qustion should
read V, = V,p + AV,. We wish to find the situation in which the MS voltage due to the
photo current only is equal to the MS voltage due to the noise currents only. We can do
that by setting SNR, = 1, and setting Ipx = 0 in the numerator, and setting P; = 0 in the

denominator.

(Izg — KP;)?

2
{QqIDK—I—z'Ew—I— BE e, (R—lF + Ig—K) ] B

1=

4kT 1 Ipk

2
2q1 2o — B= (I — KP)*
[“KH"“RF reba (g + ) [ B

2
Ip— \/{quDK+zga+% +e2, (R% + fgj) } B

K
Using the quantities given in the problem we can compute

P, =

P, =117 x 107%W



