EE 521 Instrumentation and Measurements

Fall 2007
Solutions for homework assignment #2

Problem 1
(1)
1 _ 2
xr) = e 202
f(z) gy
(2)

If the height of the peaks in the distribution as drawn are assumed to be 1, then the area
under the curve is A = 2 x 0'5—;1 + % = % + % = 1. The function is normalized if the height
of the peaks is 1. We can then write

(

0 r<—1
2r+1) —1<z<-05
f(z) =4 —2x —-05<x<0
1—2x 0<zr<l1
0 1<z
\
Here is a plot of f(z),
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(3)

We first start by writing down the cummulative distribution,

F(z) = / f(z)dz
It looks like this



(

0 r<—1

2 +2rx+1 —1<z<-05
Flz)=4q -2 +1 —05<x<0

—3’+ar+43 0<z<l1

1 1<z

\

Here is a plot of the cummulative distribution.
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Next we need to solve the above equations for z. So for example the first interval corresponds
to F(z) < (—%)2—1+1 = 1. In that case, we solve for 2?+2z+1 = y for z as x = —1++/F(z)
(where I selected the sign which would place x between —1 and —%. We can do the same
thing in the second interval and in the third interval and arrive at the piecewise equation

—14+ /F(x) 0< F(z) <1
r(F(z) ={—\/3—Fl@)  ;<F) <3
1-/2-2F(z) $1<F(x)<1

and z undefined for other values of F'(z). Here is a plot of the inverse function
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(4)

Here is a histogram of 10° values using a program which computes the inverse equation.
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(5)

Here are histograms illustrating what the distribution of sums look like for n = 1 to n = 10.



n=10

4 2 0 2 4

(6)
I will compute the mean and standard deviation for the distributions from n = 1, to n = 100.
Those are plotted here
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The second plot shows that the standard deviation increases as the square-root of the number
of values combined,

O'N:0'1\/N

Taylor 3.47
We wish to do a error calculation on the expression
M —m
a =
M +m

using the error propagation formula

2 2
5a? = (%) SM? + (g—“) Sm?
m

Derivative with respect to M,

da  (M+4+m)l—(M-m)l  2m

oM~ (M m)? (M +m)’
And with respect to m,

da  —(M+m)—(M—-m)  —2M

om 7 (M +m)® (M +m)®

The expression for da is then



o) o () o

2
=03 Vm2SM? + M26m?
(M +m)

Inserting the values M = 100 + 1, and m = 50 + 1, we get

2
a = ————Vv50% + 100% = 0.0099¢
(100 + 50)
Taylor 3.48
We are to perform error calculations on the function
Tty
x4z
(a)
Assume dy and §z are negligible, then
9q
0q=|=—10
e
We then get
0q = (z+2) —(x2+y)‘5$: z—y2 ox
(x + 2) (x + 2)

Inserting z = 0x =20+ 1, y = 2, and z = 0 we get

2

%= 3

= 0.005

(b)
Inserting  + 0x =20+ 1, y = —40, and z = 0 we get

40
0g=—=0.1
1= 400
The difference:
When z = 0, the expression for ¢ becomes
_'_
x x

Thus the uncertainty in ¢ is proportional to y when only x has uncertainty attached to it.
Taylor 3.50
We will perform an error calculation on the expression

T+ 2

7= x + ycos 46



when z, y, and 6 have uncertainty attached to them. We will use the general formula for

error propagation,
g\ > g\ > g \>
2 _ (99 2 94 2 oq 2
0q° = <8x) ox +<8y) oy~ + 20 00

Note, that in a trigonometric function the unit of the angles must be radians. We can still
use degrees, but we will then need to replace the angle 6 in the expressin by 6155, which will
then in turn change the terms in the uncertainty equation to balance the units.

First the partial derivative with respect to =,

9q (v +ycosdh) — (z+2)
Ox (z + y cos 46)°
ycosdd — 2

(z + y cos 46)°

Next the partial derivative with respect to y

dqg _—(z +2)cosdd
dy  (z+ ycos4h)’

Finally the derivative with respect to

Oq (z+2)4ysindd
90 (x +ycos4h)?

Inserting the values t =10+ 2, y =7+ 1, and 6 = 40 4+ 3° = 0.6981 4+ 0.0524 we get

q = 3.506
dq dq Jq
M _ 07325 A _ 0.9627 A _ 98145
ox oy o0

and

5q =v/0.73252 x 22 4 0.96272 x 12 + 9.81452 x 0.05242
=1.83

A reasonable answer for ¢ might then be

¢=35+1.8

Taylor 4.28
(a)



Experiment 1 2 3 4 )
Length, | (cm) | 51.2  59.7 682 79.7 88.3
Period, T (s) 1.448 1.566 1.669 1.804 1.896
g ‘ 964.0 961.1 966.6 966.8 969.7
Next we compute the mean, g = 965.6 and the standard deviation, o, = 3.24.
The standard deviation of the mean is then

o 3.24
— = — =145
v V5

O'g:

The measured value for g is then

g =965.6 £ 1.5 cm/s?

which is not consistent with the accepted value of 979.6 cm /s
(b)
The discrepancy is 979.6 — 965.6 = 14.0, which is roughly 10 times the expected maximum
discrepancy of 1.5.
(c)
If we are certain that the measurement of 7" has no error in it, then the error must be in
[. Since the measured value of g is 14.0/979.6 = 0.014 = 1.4% smaller than the accepted
value, it is likely that the measurement of the length of the pendulum is off by 1.5%, which
corresponds roughly to 60 cm x 1.5% = 0.9 cm.
(d)
To correct the data for the systematic effect of the finite radius of the ball, we simply add
1cm to every length measurement. The data then look like this

Experiment 1 2 3 4 )

Length, | (cm) | 522 60.7 69.2 80.7 89.3

Period, T (s) | 1.448 1.566 1.669 1.804 1.896

g ‘ 982.7 977.2 980.7 978.9 980.7
The mean value is g = 980.0, the standard deviation is o, = 2.1, and the standard deviation
of the mean is o; = 0.93, so we report

G = 980.0+ 0.9 cm /s

The discrepancy from the accepted value is 980.0 — 979.6 = 0.4, which is within the uncer-
tainty on the measured value.
Taylor 5.21

We have a normal distribution

1 (@—z0)?
fx) = e et

CoV2r

with 2o = 5ft53in = 65.5in, and o = 23in.

(a)

We wish to know which fraction of the distribution lies above z = 5ft10in = 70in. That is

00 5ft10in
P(z > 56¢10in) — / f(x)dx:%— / M )

5ft10in o



This integral can be done numerically, and we get

1
P(x > 5ft10in) = 5~ 0.4641 = 0.0359
Since there are 2000 women in the town, approximately 2000 x 0.0359 = 72 are elligible to
join.
(b)
Change the height requirement such that twice as many women are elligible to join. Now we
wish to find x1, such that

P(z > x1) = 2 x P(z > 5ft10in) = 0.0719

This means finding x; such that
/ f(z)dx = 3 0.0719 = 0.4281
zo
I can integrate numerically until that value is achieved, and the answer is

r1 = 69.15in = 5ft9.15in
To the nearest half inch, this is

x1 = 5ft9in



