
Curvelinear Analysis

� Some notation definitions needed to use "intuitive" variable names

Define a few Variables

R0 is the earth’s semi-major axis ~6.378137�106 meters

RE ir the transverse radius of curvature

RE =
R0

1 - e2 Sin@LbD2

;

RN ir the meridian radius of curvature

RN =

R0 I1 - e2M
I1 - e2 Sin@LbD2M 3

2

;

Previously derived (Eqn. 2.70), body position in the ECEF frame, described in the ECEF frame:

r
Ó

e,b
e

=

HRE + hbL Cos@LbD Cos@ΛbDHRE + hbL Cos@LbD Sin@ΛbD
II1 - e2M RE + hbM Sin@LbD ;

Compute the Velocity : vÓe,b
e

=

d rÓe,b
e

dt
=

∆ rÓe,b
e

∆Lb

dLb

dt
+

∆ rÓe,b
e

∆Γb

dΓb

dt
+

∆ rÓe,b
e

∆hb

dhb

dt

� First compute
∆ rÓe,b

e

∆Lb

PrintB"
∆ r

Ó
e,b
e

∆Lb

=", MatrixFormASimplifyADAr
Ó

e,b
e

, LbEEE �. 9Cos@2 LbD ® 1 - 2 Sin@LbD2=F

∆ r
Ó

e,b
e

∆Lb

=

-

Cos@ΛbD Sin@LbD J 2 H2-e2
+e2 H1-2 Sin@LbD2LL3�2 hb+4 R0-4 e2 R0N

4 H1-e2 Sin@LbD2L3�2

-

Sin@LbD Sin@ΛbD J 2 H2-e2
+e2 H1-2 Sin@LbD2LL3�2 hb+4 R0-4 e2 R0N

4 H1-e2 Sin@LbD2L3�2

-

Cos@LbD -
I2-e2

+e2 I1-2 Sin@LbD2MM3�2 hb

2 2
+H-1+e2L R0

H1-e2 Sin@LbD2L3�2



Looking at the top and midle terms

SimplifyB 2 I2 - e2 + e2 I1 - 2 Sin@LbD2MM3�2
hb

4 I1 - e2 Sin@LbD2M3�2
F

hb

\ Term1 = -Cos@ΛbD Sin@LbD hb +

R0 I1 - e2M
I1 - e2 Sin@LbD2M 3

2

= -Cos@ΛbD Sin@LbD Hhb + RNL

\ Term2 = -Sin@LbD Sin@ΛbD hb +

R0 I1 - e2M
I1 - e2 Sin@LbD2M 3

2

= -Sin@LbD Sin@ΛbD Hhb + RNL

Looking at the bottom term

SimplifyB I2 - e2 + e2 I1 - 2 Sin@LbD2MM3�2
hb

2 2
F

I1 - e2 Sin@LbD2M3�2
hb

\ Term3 = -Cos@LbD -I1 - e2 Sin@LbD2M3�2
hb - I1 - e2M R0

I1 - e2 Sin@LbD2M 3

2

= Cos@LbD Hhb + RNL

∆ r
Ó

e,b

e

∆Lb

= HRN + hbL -Cos@ΛbD Sin@LbD
-Sin@LbD Sin@ΛbD

Cos@LbD
� Next compute

∆ r
Ó

e,b
e

∆Γb

PrintB"
∆ r

Ó
e,b
e

∆Λb

=", MatrixFormASimplifyADAr
Ó

e,b
e

, ΛbEEE �. : R0

1 - e2 Sin@LbD2

® "RE">F

∆ r
Ó

e,b
e

∆Λb

=

-Cos@LbD Sin@ΛbD HRE + hbL
Cos@LbD Cos@ΛbD HRE + hbL

0

2 curvlinear analysis.nb



� Next compute
∆ r

Ó
e,b
e

∆Γb

PrintB"
∆ r

Ó
e,b
e

∆Λb

=", MatrixFormASimplifyADAr
Ó

e,b
e

, ΛbEEE �. : R0

1 - e2 Sin@LbD2

® "RE">F

∆ r
Ó

e,b
e

∆Λb

=

-Cos@LbD Sin@ΛbD HRE + hbL
Cos@LbD Cos@ΛbD HRE + hbL

0

∆ r
Ó

e,b

e

∆Λb

= HRE + hbL Cos@LbD -Sin@ΛbD
Cos@ΛbD

0

� Finally compute
∆ r

Ó
e,b
e

∆hb

PrintB"
∆ r

Ó
e,b
e

∆hb

=", MatrixFormASimplifyADAr
Ó

e,b
e

, hbEEE F
∆ r

Ó
e,b
e

∆hb

=

Cos@LbD Cos@ΛbD
Cos@LbD Sin@ΛbD

Sin@LbD
∆ r

Ó
e,b

e

∆hb

=

Cos@LbD Cos@ΛbD
Cos@LbD Sin@ΛbD

Sin@LbD
� Composing the final result : vÓe,b

e
=

d rÓe,b
e

dt
=

∆ rÓe,b
e

∆Lb

dLb

dt
+

∆ rÓe,b
e

∆Γb

dΓb

dt
+

∆ rÓe,b
e

∆hb

dhb

dt
= J ∆ r

Ó
e,b
e

∆Lb

∆ r
Ó

e,b
e

∆Γb

∆ r
Ó

e,b
e

∆hb

N
L
 

b

Λ
 

b

h
 

b

v
Ó

e,b

e
=

-Cos@ΛbD Sin@LbD - Sin@ΛbD -Cos@LbD Cos@ΛbD
-Sin@LbD Sin@ΛbD Cos@ΛbD -Cos@LbD Sin@ΛbD

Cos@LbD 0 -Sin@LbD
HRN + hbL L

 
b

Cos@LbD HRE + hbL Λ
 

b

-h
 

b

Comparing the matrix with Eqn 2.99 (i.e. Cn
e)
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v
Ó

e,b

e
= Cn

e

HRN + hbL L
 

b

Cos@LbD HRE + hbL Λ
 

b

-h
 

b

= Cn
e v

Ó
e,b

n

Which suggests that

v
Ó

e,b

n
=

HRN + hbL L
 

b

Cos@LbD HRE + hbL Λ
 

b

-h
 

b
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