EE 570: INS Homework 3 Due: Th 02/18/2016

1. How many multiplies and additions are needed for each of the following computa-
tions?

composition of rotations via rotation matrices, C3C}
o, f . . . _2 _1
composition of rotations via quaternions, gy ® q,

recoordinatization of a vector via rotation matrix, CZ7

recoordinatization of a vector via quaternion, ¢ ® ' ® (%)~}

2. Consider the three-link, planar robot shown below for which four coordinate frames
have been assigned. Frame {0} is fixed, frame {1} rotates with angle 0; relative
to frame {0}, frame {2} rotates with angle 0, relative to frame {1}, and frame {3}
translates with distance ds relative to frame {2}.

(a) Develop the rotation matrices and displacements between frames and show
they are the following.

cg —s1 0 aicy o 0 —s9 0
C?: s1T ¢ 01|, "™ a181 a021: sy 0 Co 77?%2_ 0
0 0 1 0 0 -1 0 0

1 0 0 0

C3=100 —1|=1]0

01 0 ds

Note the notation ¢; = cos(6;) and s; = sin(6).

(b) Determine the rotation matrix CY.
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(c) Determine the translation vector 7.

(d) Determine the following angular velocities as skew-symmetric matrices 2 and
vectors W. Note 01, 05 and d3 can vary with time.
L. Q817 <'D)[O)l
1. 9%27 (’6%2
iii. Q2 @2,
iv. 8, &0y
3. Consider the time-varying coordinate transformation matrix C}' given below that

describes the orientation of the body frame as it rotates with respect to the naviga-
tion frame.

cos(t) sin(t)sin(t?) sin(t) cos(t?)
Cy = 0 cos(t?) — sin(t?)
—sin(t) cos(t)sin(t?) cos(t) cos(t?)
(a) Determine the analytic form of the time-derivative of CJ' (i.e., Cp' = dey ) via

- Tdt
a term-by-term differentiation.

(b) Develop MATLAB functions which accept “¢” (i.e., time) as a numerical input
and return C7' and C}', respectively, as numerical outputs.

(c) Using the C}' and CgL functions from above, compute the angular velocity vector
@y at time ¢ = 0 sec (Hint: you might want to compute 7', first).

i. What is the magnitude (i.e., 0, angular speed) of the angular velocity?
ii. About what unit vector (ﬁﬁb) has the instantaneous rotation occurred?
(d) Using the C}' and CgL functions from above, compute the angular velocity vector
Wy, at time ¢ = 0.5 sec.
i. What is the magnitude (i.e., 9, angular speed) of the angular velocity?
ii. About what unit vector (Eﬁb) has the instantaneous rotation occurred?
(e) Using C7 and ng functions from above, compute the angular velocity vector
W, at time ¢ = 1 sec.
i. What is the magnitude (i.e., 6, angular speed) of the angular velocity?
ii. About what unit vector (/Z;‘b) has the instantaneous rotation occurred?
(f) In practice, direct measurement of the angular velocity vector &, can prove
challenging, so a finite-difference approach may be taken given two sequential
orientations represented by C{'(t) and C}J'(t + At) a small time At apart. Con-

sider the approximate value of the angular velocity vector &, derived by using

the finite difference CPt + At) — O} (t)
. p(t+ AL = Cf
Cp(t) =
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at times ¢ = 0,0.5, and 1 sec. Compare the “analytic” values for 6 and Eﬁb
(found in parts b, ¢ and d) with your approximations from the finite difference
using At = 0.1 sec. How large are the errors?

(g) How small does the sampling time (i.e., At) need to be to get a “good” (better
than 99.9%) approximation of the angular speed (i.e., #)?
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