EE 570: Location and Navigation

Navigation Mathematics: Other Descriptions of Orientation

Kevin Wedeward Aly ELl-Osery

Electrical Engineering Department, New Mexico Tech
Socorro, New Mexico, USA

In Collaboration with
Stephen Bruder
Electrical and Computer Engineering Department
Embry-Riddle Aeronautical Univesity
Prescott, Arizona, USA

February 2, 2016

(NMT) EE 570: Location and Navigation



NEW MEXICO
SCIENGE + ENGINEERING » RESEARCH UNVERSITY

@ Review
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Rotation Matrices R, C
e Notation to be adopted:

e C represents an orientation
e R represents a rotation

1 and February 2, 2



NEW MEXICO
SCIENGE + ENGINEERING » RESEARCH UNVERSITY

Rotation Matrices R, C
e Notation to be adopted:

e C represents an orientation
e R represents a rotation

@ Sequence of rotations can be composed via multiplication of
rotation matrices

e rotations about relative axis = post-/right-multiply
Cinal = Cinitial R
e rotations about fixed axis = pre-/left-multiply

Cﬁnal = RCinitial

Review
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Rotation Matrices R, C
e Notation to be adopted:

e C represents an orientation
e R represents a rotation

@ Sequence of rotations can be composed via multiplication of
rotation matrices

e rotations about relative axis = post-/right-multiply
Cinal = Cinitial R

e rotations about fixed axis = pre-/left-multiply
Ctinal = RCiitial

@ 3 x 3 =9 elements with 6 constraints = 3 parameters are
sufficient to describe orientation

Review
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What is orientation of
ECEF frame resolved in
ECl frame, i.e. C/?

_ cosbe —sinf;,. O
C.=R;9, = |sinfi costie 0O
0 0 1

Vernal Equinox

What is 0.7
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What is orientation of
ECEF frame resolved in
ECl frame, i.e. C/?

_ cosbe —sinf;,. O
C.=R;9, = |sinfi costie 0O
0 0 1

Vernal Equinox

What is 6;.? angle from frame {i} to frame {e};
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What is orientation of
ECEF frame resolved in
ECl frame, i.e. C/?

_ cosbe —sinf;,. O
C.=R;9, = |sinfi costie 0O
0 0 1

Vernal Equinox

ion and N



EW MEXICO TECH

What is the nav frame resolved in the ECEF frame, t.e. C5?

Ze = z;

.-

Vernal Equinox
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Roll-Pitch-Yaw angles
o often used to represent orientation of aircraft

e three angles (¢, 6, 1) that represent the sequence of rotations
about the x—, y— and z—axes of a fixed frame

@ given angles (¢, 0, ), equivalent rotation matrix can be found via

Crry = Rz Ry oRxo

[cy —sp O cw 0 s] [T 0 O

= | Sy Cy 0 0 1 0 0 Cp —S¢
0 0 1 —-s9 0 cof |0 sp ¢y

[cocy  CpSoSp — CoSy  CpCypSo + SpSy
= | Sy CpCy + S505¢Sy  CpSeSy — CypSe
—Sp CoSp CoCo

Roll-Pitch-Yaw Angles
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Given a rotation matrix that describes a desired orientation

CGi1 Go Gs
Cdesired = | Co1 G2 C3
G G Gz

Roll-Pitch-Yaw angles (¢, €, 1) can be found (the inverse solution) by
equating combinations of terms

cysoss — oSy Cocusatspsy|  [[Cu| G Gis
CoCy T S9SpSy  CpSoSy — CySp| = || Car| (2 Gz
—Sp oS CoCsh G (G2 G33
C21 CoSy
— = — =tan(®
C11 CoCy ( )

Roll-Pitch-Yaw Angles
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CoCy  CySPSp — CpSy  CHCypSP + Sp Sy Ci1 G Ci3
CoSy  CyCy + 505pSy  CpSaSy — CySs| = |G G2 (3
=5 Ca

C32 Cg5¢

— = —— =tan(¢

C33 ChCo ( )

Roll-Pitch 1gles
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Roll-Pitch-Yaw Angles

CoCy
CoSy

CoCy
CoSy
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Go Gs
C»n (3

Gz

Co Gs
Cn G

CypSPSp — CopSyp CpCySH + SpSy Ci1
CopCy + S9SpSy  CpSeSy — CySep | = Co1
Ca
C32 CgS¢
— = —— =tan(¢
C33 ChCo ( )
CpSeSp — CpSp  CyCySH + SpSy Ci1
CHCyp + S9SpSy  CpSeSy — CySp | = | Cat
(G| (G |G

i S ) - tan(6)

\/C322 + G \/Cez(sé teg) @

Roll-Pitch-Yaw Angles
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Angle-Axis
@ one rotation about general axis will be used to describe
orientation, so does not have the “rotation in sequence” issue

@ rotation matrix C can be realized via rotation away from initial
frame by angle 6 about appropriately chosen axis
k = [ki, ko, k3] of rotation

@ assume k is a unit vector

(NMT) 5 ton and N
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Rotation matrix can be derived by rotating
one of the principal axis (x, y, or z) onto
the vector k, then performing a rotation of
#, and finally undoing the original changes
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@ Noting
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@ Noting
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@ Noting
z

in ko
ino = ———=
Vki+ k3

cos ki
o= ——
V ki + k3
sin 3 = /k? + k3

cos 3 = k3

@ it can be shown (by composing rotations) that

K3 Vp + co kikaVy — kasg  kiksVy + kasg
Re g = | kakaVog + kasg k3Vy + co kak3Vy — kisg W]
kiksVg — kasg  kaksVy + kisg k3 Vg + co

where Vp =1 — ¢.

N and
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Alternate approach to development of angle-axis is to relate rotation
matrix to its equivalent angle-axis pair by

o(t)

where

is the skew-symmetric matrix version of the axis vector
> T
k = [kl ko k3] . Note: kT = —k.

Angle-
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@ Using Taylor expansion of matrix-exponential

202 303
= ™) = T 4 k0(t) + ! il(t) + = 93|(t) + -

RE,e(t)

which, after a bit of manipulation (recalling Taylor series of sine
and cosine and noting k3 = —k), can be shown to be

Rodrigues Formula

Rioy =T+ sin(A(t))x + [1 — cos(A(t))] x>

e Multiplying out the rhs of the above equation gives us the same
rotation matrix as that in Eq. 1.

Angle-Axis

EE 570: Location and Navigation February



Angle-Axis to Rotation Matrix NEW MEXICO

SCIENCE  ENGINEERING « RESEARCH UNIVERSITY

Desired rotation matrix to (E, 0) - the inverse problem

kiVo + co kikoVig — kasg  kiksVo + kaso rni n2 s
RF,Q = |kikaVy + kzsg k22 Vo + co kaksVg — kiso| = |1 2 res| = Rdesired
kiksVp — kaso  kak3 Vi + kisg k3 Vo + co nR1 r2 133

o find angle-axis pair (k, f) needed to realize desired rotation matrix
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Desired rotation matrix to (E, 0) - the inverse problem

k3 Vo + co kikaVo — kasg  kiksVp + kase rni rn2 ns
RF,Q = |kikaVy + kzsg k22 Vo + co kaksVg — kiso| = |1 2 res| = Rdesired
kiksVp — kaso  kak3 Vi + kisg k3 Vo + co nR1 r2 133

o find angle-axis pair (k, f) needed to realize desired rotation matrix

@ look at trace of rotation matrix and recall Vy =1 — cosf

Tr (RE79> = [k} + k2 + k3] (1 — cos) +3cos = 1 + 2cos

= 0 = cos™

1 Tr (R‘?ﬁ) —1 1f{ni+rm+nr3—1
f — COS 5

Ang
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Now for the axis of rotation; a review of the structure suggests

r3a — r3 = 2kiSp
r3 — 31 = 2kasp

r1 — r2 = 2k3sp
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Now for the axis of rotation; a review of the structure suggests

r3a — r3 = 2kiSp
r3 — 31 = 2kasp

r1 — r2 = 2k3sp

. k1 1 B2

= k = k2 = — | N3 —rj
2sg

k3 r1 — rno

Angle-
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A satellite orbiting the earth can be made to point it's telescope at a
desired star by performing the following motions
© Rotate about it's x-axis by —30°, then
@ Rotate about it's new z-axis by 50°,
then finally
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A satellite orbiting the earth can be made to point it's telescope at a
desired star by performing the following motions
© Rotate about it's x-axis by —30°, then
@ Rotate about it's new z-axis by 50°,
then finally

© Rotate about it's initial y-axis by 40°. ’

What is its final orientation wrt the starting orientation?
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A satellite orbiting the earth can be made to point it's telescope at a
desired star by performing the following motions
© Rotate about it's x-axis by —30°, then
@ Rotate about it's new z-axis by 50°,
then finally

© Rotate about it's initial y-axis by 40°.

What is its final orientation wrt the starting orientation?

tart
Cinal = R(7,400)R(z, —300)R(z,500)

0.766044 0 0.642788 1 0 0 0.642788 —0.766044 0O
= 0 1 0 0 0.866025 0.5 0.766044 0.642788 0
—0.642788 0 0.766044 0 —0.5 0.866025 0 0 1
0.246202 —0.793412 0.55667
= | 0.663414 0.663414 0.5

—0.706588 0.246202 0.246202

ion and
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@ In order to save energy it is desirable to perform this change in
orientation with only one rotation — How?
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@ In order to save energy it is desirable to perform this change in
orientation with only one rotation — How?

e Perform a single, equivalent angle-axis rotation with

T Cs'tart -1
0 = cos ! (r(f’”"”l)> = 76.5°

2
1 |23 —0.130495
k= T rn3 — 31| = 0.649529
%0 | 1y — 1o 0.749055

Angle-
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Angle-Axis representation can be made three parameters via

K =0k

such that
6 =Kl
and .
P=2
1Kl

(NMT) 5 ion and N
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Euler angles, RPY angles and angle-axis consist three elements, but
they are not unique, e.g., there are orientations that are represented
by different Euler angles, RYP angles and angle-axis.

@ Quaternions are 4-element representation of the rotation vectors
where the additional element makes quaternions unique.

o With 4 elements quaternions have the lowest dimensionality
possible for a globally nonsingular attitude representation.

Quaternions
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GLven an angle-axis pair (0, k) or the corresponding rotation vector
= 0k, a quaternion is defined as

gs ;
o[- |7 (=)
q qy ksin(%)
q:

where

® gs = cos(g) is the scalar component

o G=1[q0 ay, q.]" = l?sin(%) is the vector component
o ldl=\/@+ B+ +a=

\/(cos(%))2 + (kisin(4))? + (kesin(£))2 + (k3sin(4))2 = 1 = a unit
quaternion

Quaternions
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Quaternions can be used to describe orientation and compose
rotations like rotation matrices

o (&= q3
0 Ci=RRiR3 & §i =3 ®q ® s

Quatern
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e Quaternion inverse or conjugate

gs
- —1 = % —(qx
q —q,

—qz

@ Vector transformation (change of coordinates)
Define a “pure” vector
o 0
V=1,
vV

then a vector VP written in the p-frame may be transformed to
the i-frame using

V=govweg!

Quaternions
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Quaternion multiplication - first type ®
= qsps — G- p
Gsp + psq +q X p

where implementation via matrix multiplication achieved by defining

ds —34x —¢q y qz
ax Qs —4z qy
9y qz ds —Q4x
49z —4y Qx ds

[q©] =

Note multiplication does not commute.

Quaternions
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Quaternion multiplication - second type ® (useful to re-order
multiplication when certain factorizations and coordinatizations
needed)

T T gsps — G- p
r=aep=1a8P= |5t pd—lax 5
where
qRPp=p®q
and

ds —Q4x —qy —qz
dx Qs 9z  —dqy
9y —A4z Qs gx
4z 4y —Qqx Qs

[g®] =

Quaternions
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Rotation matrix from given quaternion

Rq = (a2 — |d1°)T + 2qs[Gx] + 25 T =
Z+a2—qo— a7  2(axqy — 9s9z)  2(qx9z + 9sqy)

= | 2(9xqy+9s9:) G:—az+3q;—az  2(9yq: — gsqx)

2(axqz — gsqy)  2(qy0:+4sqx) G2 — > — G2 +q2

Quaternions
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Quaternion from given rotation matrix

(@2 +3d2—a,— a2 2(axqy — 9s9z)  2(qx9z + gsqy)
Ri=| 2(9xqy +9s9:) qZ—a2+3a;—q: 2(dyq- — gsqx)

2(axqz — gsqy)  2(9y0:+qsqx) G2 — > — G2 +q2
(1 n2 ns
= |n1 2 3| = Rdesired
1131 32 133

32 —r3

1 > 1
= qs=5VI+m+re+rzand §g= 4q. |3~ 131
r21 — 2

Quaternions
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Identities for quaternions

[ o] =[G»] ! = [ge]"
[ @] = [ge] = [g®]"

[g2] = e2k®) = cos(8/2)T + f[k ]sme(/éz)

sin(6/2)
/2

[g®] = ealkel = cos(0/2)T + %[l?@]

asae] = las] fasl = | 0o

Quaternions
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Quaternions - Identities NEW MEXICO TECH

GePpRT=(qRp)@F=qa(pRT)
Gep@®r=(G@®p)@T=G®(p®7)
(Gop)Rr#£g®(paT)
(qep)@r£qe(p®r)

Quaternions

February 2, 2016 28 /29

EE 570: Location and Navigation

ard, Aly El-Osery  (NMT)



NEW MEXICO TECH

SCIENCE  ENGINEERING « RESEARCH UNIVERSITY

Quate

2016



	Review
	Roll-Pitch-Yaw Angles
	Angle-Axis
	Quaternions

