EE 570: Location and Navigation

Navigation Mathematics: Angular and Linear Velocity

Kevin Wedeward Aly El-Osery

Electrical Engineering Department, New Mexico Tech
Socorro, New Mexico, USA

In Collaboration with
Stephen Bruder
Electrical and Computer Engineering Department
Embry-Riddle Aeronautical Univesity
Prescott, Arizona, USA

February 10, 2016

(NMT) EE 570: Location and Navigation



NEW MEXICO
SCIENGE + ENGINEERING » RESEARCH UNVERSITY

@ Review
@ Introduction to Velocity

© Derivative of Rotation Matrix and Angular Velocity
@ Approach 1: Structure and mechanics
@ Approach 2: Angle-axis

@ Properties of Skew-symmetric Matrices
© Propagation/Addition of Angular Velocity

@ Linear Position, Velocity and Acceleration
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o translation between
frames {a} and {c}:

Ve Frac = Trap+ Ibc

@ written wrt/frame
{a}

—a _  =za ~a
Fac = rb+rbc

= P+ Cirp,
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e Given relationship for translation between moving (rotating and
translating) frames
Fie =7+ CoFje

what is linear velocity between frames?

Intro to Vel
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e Given relationship for translation between moving (rotating and

translating) frames
Fie =7+ Cirhe

what is linear velocity between frames?

- dq
fae = dr’ ac
d

_ —a a=b
- E (rab +C rbc)
_ "—;a + C-aF»b + Can

ab b" bc b'bc

e Why is Cf # 0 in general?

Intro to Vel
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e Given relationship for translation between moving (rotating and

translating) frames
Fie =7+ Cirhe

what is linear velocity between frames?

- dq
fae = dr’ ac
d

_ —a a=b

- E (rab +C rbc)

_ "—;a + C-aF»b + Can
ab b" bc b'bc

e Why is C7 # 0 in general? Recoordinatization of 7 _ is
time-dependent.
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e Given relationship for translation between moving (rotating and

translating) frames
»a __ pa azb
Fac = T3+ Colhe

what is linear velocity between frames?

o= e
dt
d /. b
T <f3b+ szfbc)

_ —a ~a b a—=b
= p+ Crpe+ Cplpe

e Why is C7 # 0 in general? Recoordinatization of 7 _ is
time-dependent.
e (] is directly related to angular velocity between frames {a} and

Intro to Vel
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Given a rotation matrix C, one of its properties is
a1T ra _ rarr-a1T _
[C5]" G5 = GG =
Taking the time-derivative of the “right-inverse” property

;’/t (Cb[c”] ) th
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Given a rotation matrix C, one of its properties is

(G317 G = GG =

Taking the time-derivative of the “right-inverse” property

d d
dt (Cb[c”] ) dtI
= GG+ CIGT =0
L (carean’
—_———

Q2,17

4 Cand w

dt
@00000
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Given a rotation matrix C, one of its properties is

(G317 G = GG =

Taking the time-derivative of the “right-inverse” property

d d
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4 Cand w
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Given a rotation matrix C, one of its properties is

(G317 G = GG =

Taking the time-derivative of the “right-inverse” property

d d
dt (Cb[c”] ) dtI
= GG+ CIGT =0
L (carean’
—_———

Q2,17

= Q2+ (93] =

= Q3, is skew-symmetric!

4 Cand w

dt
@00000
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Define this skew-symmetric matrix 2,
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Define this skew-symmetric matrix Q2,

0 —w; Wy
Qp=[@pX]=| w2 0 —wx
—Wy Wy 0
Note Q2, = ',‘;’[Cg]T
= C=03,CF

is a means of finding derivative of rotation matrix provided we can
further understand Q3,.

E C and w
[e] lelelele)
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Now for some insight into physical meaning of Q3,.

o Consider a point p on a rigid body rotating with angular velocity
& = [wx, wy, w,]T =0k = 0[ks, ky, k;]T with k a unit vector.

w
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From mechanics, linear velocity v, of point is
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From mechanics, linear velocity v, of point is

Wy ry Wyl; — wzhy 0 —wz Wy Iy
p = WX = |wy | X || = [wzrx —wxlz | = | wz 0 —Wx ry
Wy ry Wxhy — Wy rx —Wy Wy 0 ry

~

?
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&l

) Vv
0 p
From mechanics, linear velocity v, of point is
Wy ry Wyl — Wzl 0 —w; Wy Iy
b= WXl = |wy | X|h| = |wzlx —wxlz | = | wy 0 —wx| | fy
Wy ry Wxhy — Wy rx —Wy Wy 0 ry

Q=[dx]

= Q2 represents angular velocity and performs cross product
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Now let's add fixed frame {a} and rotating frame {b} attached to
moving body such that there is angular velocity &,, between them.

1

Wab
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Now let's add fixed frame {a} and rotating frame {b} attached to
moving body such that there is angular velocity &,, between them.

1

Wab

Start with position

>a __ =—a a—b
Fap= Tab +Cbrbp
~—
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Now let's add fixed frame {a} and rotating frame {b} attached to
moving body such that there is angular velocity &,, between them.

—

and take derivative wrt time

Sa ~a a—»b
rap = Cb rbp + Cb bp
Qa ¢
ab 0
a a=>b
Qaberbp

= ngFbp = [ngX]sz

Start with position

7= a—b
ap rab +Cbr bp
~—

E C and w
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Now let's add fixed frame {a} and rotating frame {b} attached to
moving body such that there is angular velocity &,, between them.

—

and take derivative wrt time

Sa ~a a—»b
rap = Cb rbp + Cb bp
Qa ¢
ab 0
a a=>b
Qaberbp

ngFbp = [ngX]sz

from which it is observed (com-

) I, a .
pare to v, = Wx1p) that Q3, rep-
7a a-b resents cross product with an-
ap_rab+cbrbp lar locity &2
~— gular velocity w3,.

Start with position

E C and w
00000e
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@ Another approach to developing derivative of rotation matrix and
angular velocity is based upon angle-axis representation of
orientation and rotation matrix as exponential.

o This approach is included in notes.

d
gt C an
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Therefore (from above),
CQCT = Clwx]CT =[Cax]
and (via distributive property)

Clox] = [Cyx]C

Properties of SS Matrices
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G =03,C
= [@2px]C5
= [C3&2,%1C5
= C3l@ 3]

= 3z,

Properties of SS Matrices
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Angular velocity can be
@ described as a vector

e the angular velocity of the b-frame wrt the a-frame resolved in the
c-frame, & ¢,
° wab = *‘D‘ba

Properties of SS Matrices
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Angular velocity can be
@ described as a vector
e the angular velocity of the b-frame wrt the a-frame resolved in the
c-frame, & ¢,
° wab = *‘D‘ba
e described as a skew-symmetric matrix QS, = [&J ¢, x]
o the skew-symmetric matrix is equivalent to the vector cross
product when pre-multiplying another vector

Properties of SS Matrices
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Summary of Angular Velocity and Notation REW MEXICO
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Angular velocity can be
@ described as a vector
e the angular velocity of the b-frame wrt the a-frame resolved in the
c-frame, & ¢,
° wab = *‘D‘ba
e described as a skew-symmetric matrix QS, = [&J ¢, x]
o the skew-symmetric matrix is equivalent to the vector cross
product when pre-multiplying another vector

@ related to the derivative of the rotation matrix
~a __ (a a__ rapb
Cb - abe - Canb
~a __ a a __ anb
Cb - baCb - _Cbea

Properties of SS Matrices
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Consider the derivative of the composition of rotations C9 = C?C}.

d d
da-2aq
G=0G+qag
00, =05, 0 C + PG,

T T

982 = lecé) [CS} + G0, [Cg}

[658:%] = [@§y x] + [R5 ¥]
:>°382 =W +a@d,

= angular velocities (as vectors) add so long as resolved common
coordinate system

Add Angular Velocity
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We can get back to where we started ... motion (translation and
rotation) between frames and their derivatives.

21

Translation (position)
between frames {0}
and {1}:

=0 _
Foo = r01—|—r12

= 01+C1r12

L & Accel

(NMT) 5 ton and N
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Linear velocity:

. d
50
Foa(t) = dt( 01+C1f12)
:781+C{)F}2+C8712
-0 -0 =
=1y + @ x]CPF T, + COF r12

_ 20, ~0 01
= rpp +Wor ><(le12)+(:1f12

el & Accel
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Linear Acceleration

Linear acceleration:

%0 i (Fgl +le X (Cf?iz) +Cf‘?12)

7O —
02 =
~0 0.1 -0 01 o
for + @y X (C1’12) + W1 X (Cl’u) +do1 X (C1’12) +GT1+ G

fo1 + o1 X Fia(t) + 581 X ( 01 X rlz(t + 2w01 X Cfﬂlz) + GT1n

_ 0 50
/ /
accel of {1}'s origin )
i . Centripetal accel (w?r)
from {0} in {0}
Coriolis accel (2w x v)

Transverse accel -
accel of {2}'s origin
from {1} in {0}

gation
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Pos, Vel & Accel
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