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Tangential Mechanization

Determine the position, velocity and attitude of the body frame
wrt the tangential frame.

Position — Vector from the origin of the tangential frame to the
origin of the body frame resolved in the tangential frame: ~r t

tb

Velocity — Velocity of the body frame wrt the tangential frame
resolved in the tangential frame: ~v t

tb

Attitude — Orientation of the body frame wrt the tangential frame:
C t
b
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ECEF/Tangential

Description of the tangential frame
Orientation of the t-frame wrt the e-frame

C e
t = R(~z,λb)R(~y ,−Lb−90◦)

=

cosλb − sinλb 0
sinλb cosλb 0

0 0 1

− sin Lb 0 − cos Lb
0 1 0

cos Lb 0 − sin Lb


=

− sin Lb cosλb − sinλb − cos Lb cosλb
− sin Lb sinλb cosλb − cos Lb sinλb

cos Lb 0 − sin Lb


where geodetic Lat = Lb and Geodetic Lon
= λb

N
ωe

NMT

Vernal Equinox

Greenw
ichh xe

y e

ze ≡ z i

x i

y i

z t

x t

y t

θlonθlat
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Attitude — Method A

Body orientation frame at time “k” wrt time “k − 1”
∆t = tk − tk−1

Start with angular velocity

~ω t
ib = ~ω t

ie + ~ω t
et + ~ω t

tb

~ω t
tb = C t

b~ω
b
ib − C t

e ~ω
e
ie

Ωt
tb = C t

bΩb
ibC

b
t − C t

e Ωe
ieC

e
t

C t
b(+)− C t

b(−) ≈ ∆tΩt
tbC

t
b(−)

C t
b(+) ≈ C t

b(−) + ∆t
(
C t
bΩb

ibC
b
t − C t

e Ωe
ieC

e
t

)
C t
b(−)

= C t
b(−)

(
I + Ωb

ib∆t
)
− Ωt

ieC
t
b(−)∆t

x i
y i

z i

~ω ?
ie x t

y t

z t

~k

~ω ?
tb

xb

yb

zb

Earth frame

Inertial frame

Body frame

Tangential frame

xe

y e

ze
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Attitude — Method B

Body orientation frame at time “k” wrt time “k − 1”
∆t = tk − tk−1

Start with the angular velocity

Ωt
tb = C t

bΩb
ibC

b
t − Ωt

ie

C t
b(+) = C t

b(−)eΩb
tb∆t = eΩt

tb∆tC t
b(−)

C t
b(+) =

[
I + sin(∆θ)K + [1− cos(∆θ)]K2]C t

b(−)

eΩt
tb∆t = eKθ

x i
y i

z i

~ω ?
ie x t

y t

z t

~k

~ω ?
tb

xb

yb

zb

Earth frame

Inertial frame

Body frame

Tangential frame

xe

y e

ze
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Attitude — Method C

Body orientation frame at time “k” wrt time “k − 1”
∆t = tk − tk−1

q̄ t
b(+) = ∆q̄ t

b ⊗ q̄ t
b(−)

∆q̄ t
b =

 cos( ∆θ
2 )

~k sin( ∆θ
2 )



~ω t
tb∆t = ~k∆θ

Need to periodically renormalize q̄ x i
y i

z i

~ω ?
ie x t

y t

z t

~k

~ω ?
tb

xb

yb

zb

Earth frame

Inertial frame

Body frame

Tangential frame

xe

y e

ze
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Attitude Update— Summary

High fidelity

C t
b(+) =

[
I + sin(∆θ)K + [1− cos(∆θ)]K2]C t

b(−) (1)

or

q̄ t
b(+) =

 cos( ∆θ
2 )

~k sin( ∆θ
2 )

⊗ q̄ t
b(−) (2)

Low fidelity

C t
b(+) ≈ C t

b(−)
(
I + Ωb

ib∆t
)
− Ωt

ieC
t
b(−)∆t (3)

~ω t
tb∆t = ~k∆θ K = [~k×]
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Steps 2–4

2 Specific force transformation
Simply coordinatize the specific force

~f t
ib = C t

b(+)~f b
ib (4)

3 Velocity update

~r i
ib = ~r i

ie

0
+ C i

e~r
e
et + C i

t~r
t
tb

⇒ ~r t
tb = C t

i ~r
i
ib − C t

e~r
e
et

~v t
tb = ~̇r t

tb

= Ċ t
i ~r

i
ib + C t

i ~̇r
i
ib

= Ωt
eiC

t
i ~r

i
ib + C t

i ~v
i
ib

= −Ωt
ie(~r t

et + ~r t
tb) + C t

i ~v
i
ib

x i
y i

z i

~ω ?
ie x t

y t

z t

~k

~ω ?
tb

xb

yb

zb

Earth frame

Inertial frame

Body frame

Tangential frame

xe

y e

ze

~r e
et

~r t
tb
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Steps 2–4

~a t
tb = ~̇v t

tb =
d

dt

(
−Ωt

ie(~r t
et + ~r t

tb) + C t
i ~v

i
ib

)
= −Ωt

ie~̇r
t
tb + Ċ t

i ~v
i
ib + C t

i ~̇v
i
ib

= −Ωt
ie~v

t
tb + Ωt

ti C
t
i ~v

i
ib + C t

i ~a
i
ib

= −Ωt
ie~v

t
tb − Ωt

it

[
~v t

tb + Ωt
ie(~r t

et + ~r t
tb)
]

+ C t
i ~a

i
ib

= −2Ωt
ie~v

t
tb − Ωt

ieΩt
ie~r

t
eb + ~a t

ib

= −2Ωt
ie~v

t
tb + ~f t

ib + ~g t
b

~v t
tb(+) = ~v t

tb(−) + ~a t
tb∆t

= ~v t
tb(−) +

[
~f t
ib + ~g t

b − 2Ωt
ie~v

t
tb(−)

]
∆t

(5)

~̇r t
et = 0 ~ω t

it = ~ω t
ie

C t
i ~v

i
ib = Ωt

ie(~r t
et + ~r t

tb) + ~v t
tb

~f ?
ib = ~a ?

ib − ~γ ?
ib

~a t
ib = ~f t

ib + ~γ t
ib

~g t
b = ~γ t

ib − Ωt
ieΩt

ie~r
t
eb

~a t
ib = ~f t

ib + ~g t
b + Ωt

ieΩt
ie~r

t
eb
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Steps 2–4

4 Position update
by simple numerical integration

~r t
tb(+) = ~r t

tb(−) + ~v t
tb(−)∆t + ~a t

tb

∆t2

2
(6)
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Tangential Mechanization Summary

C t
b(+) =

[
I + sin(∆θ)K + [1− cos(∆θ)]K2]C t

b(−)

or

q̄ t
b(+) =

 cos( ∆θ
2 )

~k sin( ∆θ
2 )

⊗ q̄ t
b(−)

or

C t
b(+) ≈ C t

b(−)
(
I + Ωb

ib∆t
)
− Ωt

ieC
t
b(−)∆t

and
~f t
ib = C t

b(+)~f b
ib

~a t
tb = −2Ωt

ie~v
t
tb + ~f t

ib + ~g t
b

~v t
tb(+) = ~v t

tb(−) +
[
~f t
ib + ~g t

b − 2Ωt
ie~v

t
tb(−)

]
∆t

~r t
tb(+) = ~r t

tb(−) + ~v t
tb(−)∆t + ~a t

tb

∆t2

2

4
Position
Update

3
Velocity
Update

2
SF

Transform

1
Attitude
Update

~ω b
ib

~f b
ib

~f t
tb

~g t
b(~r e

eb)

~v t
tb(+) ~r t

tb(+)C t
b(+)

C t
b(−)

~v t
tb(−)

~r t
tb(−)
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Tangential Mechanization — Continuous Case

In continuous time notation
Attitude: Ċ t

b = C t
bΩb

tb or ˙̄qtb = 1
2 [ω̆b

tb~]q̄ t
b(t)

Velocity: ~̇v t
tb = C t

b
~f b
ib + ~g t

b − 2Ωt
ie~v

t
tb

Position: ~̇r t
ib = ~v t

tb

In State-space notation
~̇r t
tb

~̇v t
tb

Ċ t
b

 =


~v t

tb

C t
b
~f b
ib + ~g t

b − 2Ωt
ie~v

t
tb

C t
bΩb

tb

 (7)

or 
~̇r t
tb

~̇v t
tb

˙̄qtb

 =


~v t

tb

C t
b
~f b
ib + ~g t

b − 2Ωt
ie~v

t
tb

1
2 [ω̆b

tb~]q̄ t
b(t)

 (8)

~ω b
ib = ~ω b

ie + ~ω b
tb

Ωb
tb = Ωb

ib − Ωb
ie
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Appendix

[q̄⊗] =


qs −qx −qy −qz
qx qs −qz qy
qy qz qs −qx
qz −qy qx qs



[q̄~] =


qs −qx −qy −qz
qx qs qz −qy
qy −qz qs qx
qz qy −qx qs


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