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Recall — ECEF Mechanization NEW MEXICO TECH

@ In continuous time notation
o Attitude: Cg = C£Qb,
o Velocity: ve, = CSF b5 + gg — 2Qi.ve,
e Position: ??b =V

@ In State-space notation

reb Veb

Ve | = | CEFh + 8 — 2L ve, (1)
~i b

Cb Cngb
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Recall — ECEF Mechanization NEW MEXICO TECH

@ In continuous time notation
o Attitude: Cg = C£Qb,
o Velocity: ve, = CSF b5 + gg — 2Qi.ve,
e Position: ?fb =V

@ In State-space notation

What is the effect of sensor noise in the measurements (,UI% and f,-g on the navigation
solution position, velocity and attitude?
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ECEF Attitude Error NEW MEXICO TECH

. d - ~
§ = CeQb, = Co(Qh — Q) = = |(T+ v <)) Cs| =

Attitude
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ECEF Attitude Error NEW MEXICO TECH

. d - ~
§ = CeQb, = Co(Qh — Q) = = |(T+ v <)) Cs| =

(T + [558, x]) CEQL, = [0, x] CE + (T + [0, <))k =

Attitude
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ECEF Attitude Error NEW MEXICO TECH

. d - ~
Cs = G508, = C5(9h, — k) = = [T+ 00X | =

(Z + [0, x]) C2QEy = [600%, X1 + (T + [600%,x]) CE =
(T + 002, x]) CE(QL, + 608, — 60L) =

e} —

Attitude
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ECEF Attitude Error

NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

. d - ~
Cs = G508, = C5(9h, — k) = = [T+ 00X | =

(Z + [0, x]) C2QEy = [600%, X1 + (T + [600%,x]) CE =
(T + 002, x]) CE(QL, + 608, — 60L) =

e} —
(T + [605x1) C5Q2, + C5(0Q85 — 6Q7) =

o [0, x]6Qb, ~ 0

Attitude

Aly El-Osery, Kevi rd (NMT)
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ECEF Attitude Error NEW MEXICO TECH

Ce = G0t = Co(al — k) = & [T+ [0 D) 5] =

T + (005 x]) G

Attitude
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ECEF Attitude Error NEW MEXICO TECH

Ce = G0t = Co(al — k) = & [T+ [0 D) 5] =

(T + [008x]) CEQE, = [008,x]CE + (T + [0, x]) CE =
(Z + [5¢ebx])Cb(ng +6Qp, — 6QR) =
(T + [608,x]) CEQE, + CE(0Qh, — 6Qh) =

[098,x] = CE(095, — 6Q5)CE = [EE(0wh — 6wb)x] (2)

Attitude
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ECEF Attitude Error NEW MEXICO TECH

Ce = G0t = Co(al — k) = & [T+ [0 D) 5] =

(T + [008x]) CEQE, = [008,x]CE + (T + [0, x]) CE =
(Z + [&Egbx])cb(er +6Qp, — 6QR) =
(T + [608,x]) CEQE, + CE(0Qh, — 6Qh) =

[507e, <] = C2(698, — 595) Cb = [C(0wh — o) x] @)

oue, = CE(dwh — oih) (3)

Attitude
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ECEF Attitude Error (cont.) NEW MEXICO TECH

5%, = C5(03h — 68)
= Coowh — Co(@b — ab)
= Cgoap — (Cecl - )qf;
= CEOch + 60, x &

Attitude
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ECEF Attitude Error (cont.) NEW MEXICO TECH

5¢eb = CE (o — o5p)
= Coowh — Co(@b — ab)
= Cgowph — (CECL — T)w¢

ie
_ Fes~ e —e
- C.b 6wib + 6web X Wig

5¢eb — ledwlb 5?6(51;:1) (4)J

Attitude

Aly

I (NMT)
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Velocity NEW MEXICO TECH

Se _ rerfb —e e —e

Vep = Cpf jp + 85 — 205 Vgp (5)
36 _ "e/_\’b Se eSe
Veb = Cpf i+ 8 — 225V g

(T — (00 x))Co(Fh —5F ) + &5 — 294V e

Velocity
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Velocity NEW MEXICO TECH
()

‘.72b = C5f b+ 85 — 20575,
ve, = Cefb —208v e 6
:(I—[(W:bx])ctf(fib—&?ﬁ;)‘i‘@ — 205V,
0Vep =V — eb—[&/)ebx]cb'? + Coof b 4+ 088 — 2Q56v¢,
= [60e, x]CSF b + CeoFh + 038 — 20567,

on and Timing

Velocity
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Velocity NEW MEXICO TECH

Ve, = CEFh + g8 — 20875, (5)
Vep = be b+ &b —QQFeaZb
= (I— [5w§b><])C§(F,‘-’b —6Fh) + &8 — 205V,
SVe = Ve — v = [00e,x]|CSFE + EeoF b + 688 — 2Q5.0v S,
[&bebx]be + Cbéf +5 2Q;?e6\7§b

5ve, = —[CSFb X160, + CoF b + 688 — 2057 ¢, (7)J

Velocity
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Gravity Error NEW MEXICO TECH

Using Taylor series expansion, the gravity error as a function of position estimates and
errors is derived to bhe

e 2g0(lp) 7S s .
085 ~ ot = (7e,) 67 (8)

Gravity
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Position NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

Position

LY



Position NEW MEXICO TECH

SCIENCE + ENGINEERING « RESEARCH UNIVERSITY,

57, = 0vE, (10)

Position
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Summary - in terms of 5f,b, ,-% NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

6%, —QF 03x3 033 e,
_|_ B 2g0(Lp) T8 (De T
ove, | = [Cef x] —2Q¢ XA ,%:b‘]z(fﬁb) sve, |+
5721; | O3x3 I3x3 033 ére, )
o g )
e | (075
Ce 0
5w,b
i 0

Summary
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Notation Used NEW MEXICO TECH

@ Truth value

X
@ Measured value
X
e Estimated or computed value
X
e Error
X=X—-X

Basic Definitions




Notation Used NEW MEXICO TECH

Nothing above

@ Truth value

@ Measured value

X
e Estimated or computed value
X
e Error
X =X—X

Basic Definitions
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Notation Used NEW MEXICO TECH

@ Truth value

x|

@ Measured value el 1
Use “tilde

e Estimated or computed value

NE

e Error

(%)
X\
Il
X
|
1>

Basic Definitions
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Notation Used NEW MEXICO TECH

@ Truth value

X
@ Measured value
~
X
e Estimated or computed value
e Error “Use hat”

(%)
X\
Il
X1
|
1>

Basic Definitions




Notation Used NEW MEXICO TECH

@ Truth value

X
@ Measured value

X
e Estimated or computed value

X

@ Error

Basic Definitions




Linearization using Taylor Series Expansion NEW MEXICO TECH

Given a non-linear system X = f(X, t)

Linearization

de:



Linearization using Taylor Series Expansion NEW MEXICO TECH

Given a non-linear system X = f(X, t)
Let's assume we have an estimate of X, t.e., X such that X = X + §X

X=X+ 6%=f(R+0%.1) (12)

Linearization

and Timing



Linearization using Taylor Series Expansion NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

Given a non-linear system X = f(X, t)

Let's assume we have an estimate of X, Le., % such that X = X + 60X
X=X+ 06X = f(X+ 0%, t) (12)
Using Taylor series expansion
o — ’—\ 2 AN 8f _’7 t —
f(X+0x,t) =X+ 0X = f(X,t) —|—¥ X+ H.O.T
0X ez

~ )2(’ + Lf(x_: 2 0xX
X |e=%

Linearization

d (NM

and Timing



Linearization using Taylor Series Expansion NEW MEXICO TECH

Given a non-linear system X = f(X, t)
Let's assume we have an estimate of X, t.e., X such that X = X + §X

X=X+ 6%=f(R+0%.1) (12)

Using Taylor series expansion

F(R 4 6%, 1) = X + 65

Linearization

d 6 b and Timing



Linearization using Taylor Series Expansion NEW MEXICO TECH

SCIENCE + ENGINEERING « RESEARCH UNIVERSITY,

Given a non-linear system X = f(X, t)

Let's assume we have an estimate of X, Le., % such that X = X + 60X
X=X+ 06X = f(X+ 0%, t) (12)
Using Taylor series expansion
2 — ’—\ 2 AN 8f _’7 t —
f(X+0x,t) =X+ 0X = f(X,t) —|—¥ X+ H.O.T
0X ez
A Of (X, t
~ x4 L e
0X ez
. Of (X, t
Looxa ABDL se (13)
0X  |z_z

Linearization

tion and Timing



Actual Measurements

NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

Initially the accelerometer and gyroscope measurements, fﬁj and (I)',%, respectively, will
be modeled as

b (14)
(15)

where ffz and @’ﬁ) are the specific force and angular rates, respectively; and Af‘}) and

AcD’,% represents the errors. In later lectures we will discuss more detailed description of
these errors.

Inertial Measurements

(NMT)
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Actual Measurements

NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

Initially the accelerometer and gyroscope measurements, fﬁj and (I)',%, respectively, will
be modeled as

Z»b b

f ib — f ib + these terms may (1 4)
b _ ~=b be expanded further

Wip = Wip + ' (15)

where ffz and @’ﬁ) are the specific force and angular rates, respectively; and Af‘}) and

AcD’,% represents the errors. In later lectures we will discuss more detailed description of
these errors.

Inertial Measurements

and Timing



Error Modeling Example NEW MEXICO TECH

Accelerometers
Fb = b+ (Z+ M,)FE +nl,+ w, (16)

Gyroscopes
Wh = bg + (T + M) + Ggf b, + W (17)

Inertial Measurements
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Error Modeling Example NEW MEXICO TECH

Accelerometers

7%=(I+M3)Ff-z+ 15+ W, (16)

Biases

Gyroscopes

Inertial Measurements

and Timing



Error Modeling Example NEW MEXICO TECH

Accelerometers

Fo = by + (T +M)78 + Al + (16)
Misalignment and SF Errors
Gyroscopes
(’337: w1b+Gflb+Wg (17)

Inertial Measurements
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Error Modeling Example NEW MEXICO TECH

Accelerometers
F%:Ea‘i’(I‘FMa)Fﬁ)‘{‘@"i_ _’a (16)

Gyroscopes
Wh = bg + (T + M) + Ggf b, + W (17)

Inertial Measurements
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Error Modeling Example NEW MEXICO TECH

Accelerometers

Gyroscopes

Fb = byt (T + Ma)Fb + nl, + s (16)

G-Sensitivity

Inertial Measurements

and Timing



Error Modeling Example NEW MEXICO TECH

Accelerometers

Gyroscopes

Fb = Byt (T4 My)FE + 1y +(w) (16)
Noise
éi:EgWL(I‘*‘Mg)wﬁ;"‘GgF%WL (17)

Inertial Measurements
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Pos, Vel, Force and Angular Rate Errors

@ Position error

@ Velocity error

@ Specific force errors

@ Angular rate errors

Inertial Measurements

NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

(18)

(19)

1 (NMT) EE Po n, Nav on and Timing



Attitude Error Definition NEW MEXICO TECH

Define
0C) = CJCh = PVl n T 4 [0, ] (24)

This is the error in attitude resulting from errors in estimating the angular rates.

Attitude Error

and Timing



Attitude Error Properties NEW MEXICO TECH

The attitude error is a multiplicative small angle transformation from the actual frame to
the computed frame
b = (T —[0v7,x1)C (29)

Similarly, . A
Gl =T+ [&bsz])Cg (26)

Attitude Error

ion and Timing April 2, 2018 15 /16



Specific Force and Agnular Rates

NEW MEXICO TECH
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Similarly we can attempt to estimate the specific force and angular rate by applying
correction based on our estimate of the error.

ib ib (27)
b =k — ASP (28)

where f‘.}) and J}ﬁ, are the accelerometer and gyroscope estimated calibration values,
respectively.

Aly El-Osery,

evin Wedeward (NMT)

Estimates of Sensor Measurements
565: Position, Navigation and Timing
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