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Lecture Topics NEW MEXICO TECH

@ Review

© Parameterizations of Rotations

© Fixed versus Relative Rotations

@ Composition of Relative-axis Rotations

© Composition of Fixed-axis Rotations

@ Example

@ Summary
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Review NEW MEXICO TECH

Rotation matrix, C1
o describes orientation of frame 2 with respect to frame 1
@ is of size 3 x 3
X2 X1, Y2 X1, Z2°X1
@ is constructed via [le, V3, 221} =Xy, Y2y, 2001
X221, Y2+-2Z1, 22°271

y El-Osery (NN b b and Timing January 25, 2018 3/



Review NEW MEXICO TECH

Rotation matrix, C1
o describes orientation of frame 2 with respect to frame 1
@ is of size 3 x 3
X2 X1, Y2 X1, Z2°X1
@ is constructed via [le, V3, 221} =Xy, Y2y, 2001
X221, Y2+-2Z1, 22°271
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Review NEW MEXICO TECH

Rotation matrix, C1
o describes orientation of frame 2 with respect to frame 1
@ is of size 3 x 3
X2 X1, Y2 X1, Z2°X1
e is constructed via [x3, y3, 2] = |x2y1, Y2 y1, 22\
X221, Y2r2Z1, 22°21
e has inverse [G3]7! = [C}]T =
as inverse [G] 7 = [G] =
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Rotation matrix, C1
o describes orientation of frame 2 with respect to frame 1
@ is of size 3 x 3
X2 X1, Y2 X1, Z2°X1
@ is constructed via [le, V3, 221} =Xy, Y2y, 2001
X221, Y2+-2Z1, 22°271
e has inverse [C}]7! = [C}]T = C?
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Review NEW MEXICO TECH

Rotation matrix, C1
o describes orientation of frame 2 with respect to frame 1
@ is of size 3 x 3
X2 X1, Y2 X1, Z2°X1

e is constructed via [x3, y3, 2] = |x2y1, Y2 y1, 22\
X221, Y2r2Z1, 22°21
e has inverse [C}]7! = [C}]T = C?
cos(f#) —sin(f) 0O
o is of the form | sin(6) cos(f) O
0 0 1

Review
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Review NEW MEXICO TECH

Rotation matrix, C1
o describes orientation of frame 2 with respect to frame 1
@ is of size 3 x 3

X2 X1, Y2 X1, Z22-X1
e is constructed via [x3, y3, 2] = |x2y1, Y2 y1, 22\

X221, Yor2Z1, 22271
e has inverse [C}]7! = [C}]T = C?

cos(f#) —sin(f) 0O
o is of the form | sin(f) cos(f) 0 | = R,y for the basic (elementary) rotation
0 0 1

about the z—axis by angle 6

Review
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Review NEW MEXICO TECH

Rotation matrix, C1
o describes orientation of frame 2 with respect to frame 1

@ isofsize3x3
X2 X1, Yo-X1, Z2°X1
1

e is constructed via [x3, y3, 2] = |x2y1, Y2 y1, 22\
X221, Y2+21, 22°21
e has inverse [C}]7! = [C}]T = C?

cos(f#) —sin(f) 0O
o is of the form | sin(f) cos(f) 0 | = R,y for the basic (elementary) rotation
0 0 1

about the z—axis by angle 6
similarly,

0 1

|: cos(0) 0 sin(9):|
0= 0
—sin(@) 0  cos(6)

1 0 0
Re,0 = [0 cos(0) 7sin(9):| , Ry,
0 sin(0) cos(0)

Review
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Rotation matrix, C1
o describes orientation of frame 2 with respect to frame 1
@ is of size 3 x 3
X2 X1, Y2 X1, Z2°X1
@ is constructed via [le, V3, 221} =Xy, Y2y, 2001
X221, Y2+-2Z1, 22°271
e has inverse [C}]7! = [C}]T = C?

cos(f#) —sin(f) 0O
o is of the form | sin(f) cos(f) 0 | = R,y for the basic (elementary) rotation
0 0 1

about the z—axis by angle 6
similarly,

0 1

|: cos(0) 0 sin(9):|
0= 0
—sin(@) 0  cos(6)

1 0 0
Re,0 = [0 cos(0) 7sin(9):| , Ry,
0 sin(0) cos(0)

e recoordinatizes vector v2 in frame 1 via v! =

Review
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Review NEW MEXICO TECH

Rotation matrix, C1
o describes orientation of frame 2 with respect to frame 1
@ is of size 3 x 3
X2 X1, Y2 X1, Z2°X1
@ is constructed via [le, V3, 221} =Xy, Y2y, 2001
X221, Y2+-2Z1, 22°271
e has inverse [C}]7! = [C}]T = C?

cos(f#) —sin(f) 0O
o is of the form | sin(f) cos(f) 0 | = R,y for the basic (elementary) rotation
0 0 1

about the z—axis by angle 6
similarly,

1 0 0 cos(0) 0 sin(9)
R = |0 cos(0) —sin(0)|, R, o= 0 1 0
0 sin(0) cos(0) —sin(@) 0  cos(6)
@ recoordinatizes vector v2 in frame 1 via v = C1v2

Review
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Many approaches to parameterize orientation

@ Rotation matrices use 3 x 3 = 9 parameters
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Many approaches to parameterize orientation
@ Rotation matrices use 3 x 3 = 9 parameters

o these 9 parameters are not independent
e 3 constraints due to columns being orthogonal
e 3 constraints due to columns being unit vectors
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ly EL-O: January 25, 20



Parameterizations of Rotations NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

Many approaches to parameterize orientation
@ Rotation matrices use 3 x 3 = 9 parameters

o these 9 parameters are not independent
e 3 constraints due to columns being orthogonal
e 3 constraints due to columns being unit vectors
= 3 free variables exist = need only 3 parameters to describe orientation

Orientation

ly EL-O

January 25, 20



Parameterizations of Rotations NEW MEXICO TECH

Many approaches to parameterize orientation
@ Rotation matrices use 3 x 3 = 9 parameters

o these 9 parameters are not independent
e 3 constraints due to columns being orthogonal
e 3 constraints due to columns being unit vectors
= 3 free variables exist = need only 3 parameters to describe orientation

@ Examples of 3—parameter descriptions:

o fixed-axis rotations (e.g., Roll-Pitch-Yaw/ZYX)
o relative-axis (Euler) rotations (e.g., ZYZ, ZYX, ...)
e angle and axis

Orientation
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Parameterizations of Rotations NEW MEXICO TECH

Many approaches to parameterize orientation
@ Rotation matrices use 3 x 3 = 9 parameters
o these 9 parameters are not independent
e 3 constraints due to columns being orthogonal
e 3 constraints due to columns being unit vectors
= 3 free variables exist = need only 3 parameters to describe orientation
@ Examples of 3—parameter descriptions:
o fixed-axis rotations (e.g., Roll-Pitch-Yaw/ZYX)
o relative-axis (Euler) rotations (e.g., ZYZ, ZYX, ...)
e angle and axis

© Quaternions use 4 parameters

Orientation
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Fixed versus Relative Rotations NEW MEXICO TECH

When one wants to rotate a coordinate frame about an axis, that axis can be in a
fixed-frame or relative-frame.

@ Fixed-axis rotation - rotation performed about x—, y—, or z—axis of initial (and
fixed) coordinate frame

Fixed vs Relative

y El-Osery  (NMT) b b and Timing January 25, 2018 5/
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When one wants to rotate a coordinate frame about an axis, that axis can be in a
fixed-frame or relative-frame.

@ Fixed-axis rotation - rotation performed about x—, y—, or z—axis of initial (and
fixed) coordinate frame

@ Relative-axis rotation - rotation performed about x—, y—, or z—axis of current (and
relative) coordinate frame

e sometimes referred to as Euler rotations
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Fixed versus Relative Rotations NEW MEXICO TECH

When one wants to rotate a coordinate frame about an axis, that axis can be in a
fixed-frame or relative-frame.

@ Fixed-axis rotation - rotation performed about x—, y—, or z—axis of initial (and
fixed) coordinate frame

@ Relative-axis rotation - rotation performed about x—, y—, or z—axis of current (and
relative) coordinate frame

e sometimes referred to as Euler rotations

Resulting orientation is quite different!

Fixed vs Relative
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Example Sequence of Rotations NEW MEXICO TECH

Example sequence of three consecutive rotations to compare fixed versus relative.

@ Step 1: Rotate about the z-axis by ¢
e Step 2: Rotate about the y-axis by 0

@ Step 3: Rotate about the x-axis by ¢

Fixed vs Relative
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Example Sequence of Rotations NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

Relative-axis Rotation Fixed-axis Rotation

Z1 422 Z1 420

X1 X2 2 Y2

1 X1 X2 Vi

Fixed vs Relative
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Example Sequence of Rotations NEW MEXICO TECH

Relative-axis Rotation
Rotate about z;

Fixed-axis Rotation
Rotate about z;

Z1 422 Z1 420

Y2 Vo

X1 Y1 X1 Vi

X2 Xo

Fixed vs Relative
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Example Sequence of Rotations NEW MEXICO TECH

Relative-axis Rotation
Rotate about y»

Fixed-axis Rotation
Rotate about y;

Z1 71
z3 Z3
y3
Y2 =y3

X1 Y1 X1 Vi

X3 X3

Fixed vs Relative
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Example Sequence of Rotations NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

Relative-axis Rotation
Rotate about x3

Fixed-axis Rotation

Rotate about x;
Z1 71
Y4

V4
Z4 4

ya

X1
1 X1
X4 Y1

X3 = X4

Fixed vs Relative
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Composition of Relative-axis Rotations NEW MEXICO TECH

Construct rotation matrix that represents composition of relative-axis rotations using
Z-Y-X sequence of three rotations from previous example.

e Start with last rotation C3 = [x3, y3,z3] = Ry 4, and recall columns are vectors.

e To re-coordinatize vectors x3, y3, z3 in frame 2, multiply each by CZ = R, 4.

Relative-axis Rotations
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Composition of Relative-axis Rotations NEW MEXICO TECH

Construct rotation matrix that represents composition of relative-axis rotations using
Z-Y-X sequence of three rotations from previous example.

e Start with last rotation C3 = [x3, y3,z3] = Ry 4, and recall columns are vectors.
e To re-coordinatize vectors x3, y3, z3 in frame 2, multiply each by CZ = R, 4.

= (in matrix form) [C3x3, C2y3, C223| = [x2,y2,22] = C?

Relative-axis Rotations
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Composition of Relative-axis Rotations NEW MEXICO TECH

Construct rotation matrix that represents composition of relative-axis rotations using
Z-Y-X sequence of three rotations from previous example.

e Start with last rotation C3 = [x3, y3,z3] = Ry 4, and recall columns are vectors.
e To re-coordinatize vectors x3, y3, z3 in frame 2, multiply each by CZ = R, 4.
= (in matrix form) [C3x3, C2y3, C223| = [x2,y2,22] = C?

where it is noted that [C2x3, C2y3, C2z3] = C2[x3,y3,z3] = C2C3 = C2

Relative-axis Rotations
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Composition of Relative-axis Rotations NEW MEXICO TECH

- -dinati e x2 2 20 fe ; 1_
@ To re-coordinatize vectors x3, y;, z; in frame 1, multiply each by G5 = R, 4.

= (G, Gl Gl = il = UG = GG = i

Relative-axis Rotations
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Composition of Relative-axis Rotations NEW MEXICO TECH

- -dinati e x2 2 20 fe ; 1_
@ To re-coordinatize vectors x3, y;, z; in frame 1, multiply each by G5 = R, 4.

1.2 (102 1,21 — 112 2 21 — 12 — 1203 — (L
= [Gx: Gy, Gzl = Gl vzl = GG =GGG =G
@ Combined sequence of relative-rotations yields

=~

Relative-axis Rotations
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Composition of Relative-axis Rotations NEW MEXICO TECH

- -dinati e x2 2 20 fe ; 1_
@ To re-coordinatize vectors x3, y;, z; in frame 1, multiply each by G5 = R, 4.

121 — (112 2 521 — 12 — 1203 — 1
= Gx3. Gyi, Gzl = Glx4,vi. 21 = GG = GGG = G
@ Combined sequence of relative-rotations yields

CG=0CC= Rw R, Res RX¢,

lst 2nd 3rd

@ Note order is left to right!
o Additional relative-rotations represented by right (post) matrix multiplies.

Relative-axis Rotations
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Rotation Matrix from Relative ZYX NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

For the relative-axis rotations Z(), Y(6), X(¢)

Cl=qgcc

:Rz,sz 7(9Rx7qb
[cosyp —siny 0 cosf 0 sind 1 0 0
= |sinyy cosy O 0 1 0 0 cos¢p —sing
| 0 0 1 —sinf 0 cos6 0 sing cos¢

[cocy  CpSpSy — CoSy  CpCpSe + SpSy
= | Sy CpCy + S0SpSy  CpSeSy — CySp
—Sp €Sy ChCo

where the notation cg = cos(3) and sz = sin() are introduced.
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Composition of Fixed-axis Rotations NEW MEXICO TECH

@ Development of equivalent rotation matrix for sequence of fixed-axis rotations will
make use of rotation matrix's ability to rotate a vector.

@ A vector g can be rotated into a new vector via Rp, both in the same coordinate
frame.

@ The sequence Z(v) - Y(0) - X(¢) aka Yaw-Pitch-Roll will be considered again, but
this time about fixed-axes.

Fixed-axis Rotations

deward, Aly El-Osery (NMT) 65: Position, Navigation and Timing January 25, 2018 11 /16



Composition of Fixed-axis Rotations NEW MEXICO TECH

e First z—axis rotation rotates frame {1}'s basis vectors to become frame {2}'s basis

vectors [)_('%7)7%72%] = Rzﬂb[)?%vy%?zﬂ = Rzy.

Fixed-axis Rotations
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Composition of Fixed-axis Rotations NEW MEXICO TECH

e First z—axis rotation rotates frame {1}'s basis vectors to become frame {2}'s basis
< [¢l vl 711 _ 21 21 >171 _
vectors [X3,Y5,25] = Ry y[X1,¥1,Z1] = Rz
@ Second y—axis rotation rotates frame {2}'s basis vectors to become frame {3}'s

. _ -1 -1 =21 -1 ~-1 =21
basis vectors [X3,¥3,Z3] = Ry 9[X3,¥3,Z5] = Ry.aRz .

Fixed-axis Rotations
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Composition of Fixed-axis Rotations NEW MEXICO TECH

e First z—axis rotation rotates frame {1}'s basis vectors to become frame {2}'s basis
vectors [)_('%7)7%72‘%] = Rlﬂb[)?%vy%?zﬂ = Rzy.

@ Second y—axis rotation rotates frame {2}'s basis vectors to become frame {3}'s
basis vectors [¥1,y3, 71] = Ryﬁ[)?%,)?%,f%] =Ry oR, .

@ Third x—axis rotation rotates frame {3}'s basis vectors to become frame {4}'s basis
vector [)?zlhyzlbzzll] = RX,¢[)?%7)7%7Z%] = R gRy0Rz -

Fixed-axis Rotations

January 25, 2018 12 /16
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Composition of Fixed-axis Rotations NEW MEXICO TECH

e First z—axis rotation rotates frame {1}'s basis vectors to become frame {2}'s basis
vectors [)_('%7)7%72%] = Rz,w[)?%vyhz%] = Ry .

@ Second y—axis rotation rotates frame {2}'s basis vectors to become frame {3}'s
basis vectors [¥1,y3, 71] = Ryﬁ[)?%,)?%,f%] =Ry oR, .

@ Third x—axis rotation rotates frame {3}'s basis vectors to become frame {4}'s basis
vector [)?zlhyzlbzzll] = Rx,¢[)?%7Y%7Z%] = Rg¢RyoRz .
= G = RX7¢ Ryﬂ Rzﬂp

=~
3rd 2nd 1st

Fixed-axis Rotations
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Composition of Fixed-axis Rotations NEW MEXICO TECH

e First z—axis rotation rotates frame {1}'s basis vectors to become frame {2}'s basis

vectors [)_('%7)7%72%] = Rzﬂb[)?%vy%?zﬂ = Rzy.

Second y—axis rotation rotates frame {2}'s basis vectors to become frame {3}'s
; < [wl vl 711 _ 21 =21 711 _
basis vectors [X3,¥3,Z3] = Ry 9[X3,¥3,Z5] = Ry.aRz .
Third x—axis rotation rotates frame {3}'s basis vectors to become frame {4}'s basis

vector [X3,74,Z1] = Rus[X3. V3, 23] = ReoRy o Rz y-

= G =Ry Ryo Rew
S~ = =
3rd 2nd 1st

Note order is right to left!

Additional fixed-rotations represented by left (pre) matrix multiplies.

Fixed-axis Rotations
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Composition of Fixed-axis Rotations NEW MEXICO TECH

For the fixed-axis rotations Z(), Y(0), X(¢)

Ci = ReyRyoR.y

1 0 0 cosf@ 0 sinf| [cosyp —sinyy 0
= |0 cos¢ —sing 0 1 0 siny cosy O
|10 sing cos¢ —sinf 0 cosf| 0 0 1
i Cocy —cpsy sp |
= | CySeSp T CpSy  CyCy — SPSpSy  —CoSe
| SpSyy — CpCypSe  CypSp + CpSeSy  CoCo |

Fixed-axis Rotations
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Composition of Fixed-axis Rotations NEW MEXICO TECH

For the fixed-axis rotations Z(), Y(0), X(¢)

Ci = ReyRyoR.y

1 0 0 cosf@ 0 sinf| [cosyp —sinyy 0
= |0 cos¢ —sing 0 1 0 siny cosy O
|10 sing cos¢ —sinf 0 cosf| 0 0 1
i Cocy —cpsy sp |
= | CySeSp T CpSy  CyCy — SPSpSy  —CoSe
| SpSyy — CpCypSe  CypSp + CpSeSy  CoCo |

which is quite different than the result for the same sequence of relative-axis rotations.

Fixed-axis Rotations
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Example NEW MEXICO TECH

Find the rotation matrix that represents the orientation of the coordinate frame that
results from the following sequence of rotations. Assume the frames start in the same
orientation.

Example
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Example NEW MEXICO TECH

Find the rotation matrix that represents the orientation of the coordinate frame that
results from the following sequence of rotations. Assume the frames start in the same
orientation.

@ Rotate about fixed x—axis by ¢.

Example
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Example NEW MEXICO TECH

Find the rotation matrix that represents the orientation of the coordinate frame that
results from the following sequence of rotations. Assume the frames start in the same
orientation.

@ Rotate about fixed x—axis by ¢.
@ Rotate about fixed z—axis hy 6.

Example
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Example NEW MEXICO TECH

Find the rotation matrix that represents the orientation of the coordinate frame that
results from the following sequence of rotations. Assume the frames start in the same
orientation.

@ Rotate about fixed x—axis by ¢.
@ Rotate about fixed z—axis hy 6.
© Rotate about current x—axis by .

Example
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Example NEW MEXICO TECH

Find the rotation matrix that represents the orientation of the coordinate frame that
results from the following sequence of rotations. Assume the frames start in the same
orientation.

@ Rotate about fixed x—axis by ¢.

@ Rotate about fixed z—axis hy 6.

© Rotate about current x—axis by .

@ Rotate about current z—axis by a.

Example
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Example NEW MEXICO TECH

Find the rotation matrix that represents the orientation of the coordinate frame that
results from the following sequence of rotations. Assume the frames start in the same

orientation.

@ Rotate
@ Rotate
© Rotate
@ Rotate
@ Rotate

about fixed x—axis by ¢.
about fixed z—axis by 6.
about current x—axis by .
about current z—axis by a.
about fixed y—axis by .

Example
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January 25, 2018



Example NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

Find the rotation matrix that represents the orientation of the coordinate frame that
results from the following sequence of rotations. Assume the frames start in the same
orientation.

@ Rotate about fixed x—axis by ¢.

@ Rotate about fixed z—axis hy 6.

© Rotate about current x—axis by .

@ Rotate about current z—axis by a.

© Rotate about fixed y—axis by 3.

O Rotate about current y—axis by ~.

Example
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Fixed vs Relative Rotations NEW MEXICO TECH

o Fixed-axis Rotations
e Multiply on the LEFT
o Clinat = Ry... RoRy

Fixed-axis Rotation

Cresultant = Rfixed Coriginal

Summary
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Fixed vs Relative Rotations NEW MEXICO TECH

o Fixed-axis Rotations
e Multiply on the LEFT
o Clinat = Ry... RoRy

Fixed-axis Rotation

Cresultant = Rfixed Coriginal

@ Relative-axis (Euler) Rotations
e Multiply on the RIGHT
o Cpipas = RiR:... R,

Relative-axis Rotation

Cresu/tant = Coriginaere/ative

Summary
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Fixed vs Relative Rotations NEW MEXICO TECH

o Fixed-axis Rotations
e Multiply on the LEFT
o Clinat = Ry... RoRy

Fixed-axis Rotation

Cresultant = Rfixed Coriginal

@ Relative-axis (Euler) Rotations
e Multiply on the RIGHT
o Clipat = RiR>... R,

Relative-axis Rotation

Cresu/tant = Coriginaere/ative

Two types of rotations can be composed noting order of multiplication

Summary
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The End NEW MEXICO TECH
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