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Lecture Topics NEW MEXICO TECH

@ Review

@ Introduction to Velocity

© Derivative of Rotation Matrix and Angular Velocity - Approach |
@ Derivative of Rotation Matrix and Angular Velocity - Approach ||
© Properties of Skew-symmetric Matrices

@ Propagation/Addition of Angular Velocity

@ Linear Position, Velocity and Acceleration
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Review NEW MEXICO TECH

Zp e translation between
frames {a} and {c}:

lac = Tab+ Ibc

Review




Review NEW MEXICO TECH

e translation between
frames {a} and {c}:

lac = Tab+ Ibc

e written wrt/frame {a}

~a _ =—a ~a
ac rab+rbc

_ =a a—-b
= I+ Cplpe
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Introduction to Velocity NEW MEXICO TECH

o Given relationship for translation between moving (rotating and translating) frames
72 o=r 4 Can
ac — "ab b" bc

what is linear velocity between frames?

Intro to Vel
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Introduction to Velocity NEW MEXICO TECH

o Given relationship for translation between moving (rotating and translating) frames
72 o=r 4 Can
ac — "ab b" bc

what is linear velocity between frames?

o= Dps
dt
d /. b
= % (r3b+ Cgrbc)

_ —a ~a—b a—=b
= Tp+ Crpe + Cplpe

e Why is C;' # 0 in general?

Intro to Vel
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Introduction to Velocity NEW MEXICO TECH

o Given relationship for translation between moving (rotating and translating) frames
72 o=r 4 Can
ac — "ab b" bc

what is linear velocity between frames?

o= Dps
dt
d /. b
= % (r3b+ Cgrbc)

_ —a ~a—b a—=b
= Tp+ Crpe + Cplpe

@ Why is C§ # 0 in general? Recoordinatization of F”gc is time-dependent.

o (7 is directly related to angular velocity between frames {a} and {b}.

Intro to Vel
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First approach to %C and angular velocity NEW MEXICO TECH

Given a rotation matrix C, one of its properties is
a\T ra _ rarrca1T
[C5] G5 = GGl =T
Taking the time-derivative of the “right-inverse” property

< (caten) =<

d ) =
ge € and w
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First approach to %C and angular velocity NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

Given a rotation matrix C, one of its properties is
(GG =GIG) =T
Taking the time-derivative of the “right-inverse” property
d d
el Ca Ca T) —
dt < pleEl dt
= GIGIT+ GIG)T =0
S (LGN
N—

Q2,17

d n
ge € and w
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First approach to %C and angular velocity NEW MEXICO TECH
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Given a rotation matrix C, one of its properties is
(G317 G = GIG) =
Taking the time-derivative of the “right-inverse” property
d d
GICGIT) = 27
dt < pleEl dt
= GIGIT+ GIG)T =0
S (LGN
N—
Q2,17

=3, +[Q3]" =

d »
ge € and w
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First approach to %C and angular velocity NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

Given a rotation matrix C, one of its properties is
(G317 G = GIG) =
Taking the time-derivative of the “right-inverse” property
d d
GICGIT) = 27
dt < pleEl dt
= GIGIT+ GIG)T =0
S (LGN
N—
Q2,17

=3, +[Q3]" =

= Q3, is skew-symmetric!

d »
ge € and w
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First approach to %C and angular velocity NEW MEXICO TECH
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Define this skew-symmetric matrix 2,

%Can(lw—l
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First approach to %C and angular velocity NEW MEXICO TECH

SCIENCE + ENGINEERING « RESEARCH UNIVERSITY,

Define this skew-symmetric matrix 2,

0 —Wwz Wy
ng = [(.:5 3b><] = Wz 0 —Wx
—Wy Wy 0

Note Q2, = C2[C?]”

= C} = Q2,C}

v

is a means of finding derivative of rotation matrix provided we can further understand Q3,.

%C and w - |

ly El-Osery (NN



First approach to %C and angular velocity NEW MEXICO TECH

SCIENCE + ENGINEERING « RESEARCH UNIVERSITY,

Now for some insight into physical meaning of Q3,.

@ Consider a point p on a rigid body rotating with angular velocity
& = [wx, wy, wo]T =0k =0[ks, ky, k;]7 with k a unit vector.

—

w

d ) =
ge € and w
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First approach to %C and angular velocity NEW MEXICO TECH
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From mechanics, linear velocity v, of point is

d ) =
ge € and w




First approach to %C and angular velocity NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

. %
0 p
From mechanics, linear velocity v, of point is
Wy Iy Wyl; — wzly 0 —Wwy Wy ry
p=WXTIp= |wy| X || = |wzrx —wxlz| = | w; 0 —Wx ry
Wy ry Wxhy — Wy rx —Wwy Wy 0 ry

.\,<

d ) =
ge € and w
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First approach to %C and angular velocity NEW MEXICO TECH

SCIENCE + ENGINEERING « RESEARCH UNIVERSITY,

—
w

From mechanics, linear velocity v, of point is

Wy Iy Wyl; — Wzly 0 —Wy Wy ry
p=WXIp= |wy| X || = |wzrx —wxlz| = | w; 0 —Wx ry
Wy ry Wxhy — Wy rx —Wwy Wy 0 ry
~
Q=[wdx]

= () represents anqular velocity and performs cross product

d ) =
geCandw -1
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First approach to %C and angular velocity NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

Now let’s add fixed frame {a} and rotating frame {b} attached to moving body such that
there is angular velocity &,p between them.

_
i
Wab

(b

ap

—

Fap

d ) =
ge € and w
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First approach to %C and angular velocity NEW MEXICO TECH
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Now let’s add fixed frame {a} and rotating frame {b} attached to moving body such that
there is angular velocity &,p between them.

_
i
Wab

(b

ap

—

Fap
p
Start with position

~a __ =a a=b
Fap= rab +Cbrbp
~—~

0

d ) =
ge € and w
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First approach to %C and angular velocity NEW MEXICO TECH

SCIENCE + ENGINEERING « RESEARCH UNIVERSITY,

Now let’s add fixed frame {a} and rotating frame {b} attached to moving body such that
there is angular velocity &,p between them.

Wab
and take derivative wrt time

{b : Sa ~a =b a—b
Fap rp = G o+ Colyp
= —~ S——
Fap Q3,2 0
o a a—b
D Q2 ChT bp

— a z»a __[—a —a
- Qabr bp — [w abx]rbp
Start with position

~a __ =a a=b
Fap= rab +Cbrbp
~—~

0

d ) =
geCandw -1
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First approach to %C and angular velocity NEW MEXICO TECH

SCIENCE + ENGINEERING « RESEARCH UNIVERSITY,

Now let’s add fixed frame {a} and rotating frame {b} attached to moving body such that
there is angular velocity &,p between them.

Wab
and take derivative wrt time
{b : >a ~a —b a—b
Fap rp = G o+ Colyp
F N~~~ ——
ap Q2. C7 0
o a a—b
D Q2 Corbp
_ a >a _[—a —a
- Qabr bp — [w abx]rbp
Start with position from which it is observed (compare to
Vp = & X 1p) that Q2, represents cross
»a __ xa a=b - ; - i Nk
Fap= Tab TC5l bp product with angular velocity & 2,.
~—~—
0

%Can(lw—l
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Second approach to %C and angular velocity NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

e Another approach to developing derivative of rotation matrix and angular velocity is
based upon angle-axis representation of orientation and rotation matrix as
exponential.

@ This approach is included in notes.
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Properties of Skew-symmetric Matrices NEW MEXICO TECH

cQcTh=cC [w X (CTE)}
c

Therefore (from above),
CQCT = Cl@x]|CT = [C&x]
and (via distributive property)
Clox] = [Cox]C

noting both & and vector with which cross-product will be taken are assumed to be in
the same coordinate frame and thus both need to be recoordinatized.

Properties of SS Matrices
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Properties of Skew-symmetric Matrices NEW MEXICO TECH

i = Q3,C;
= [@3x]C
= [C&2,%1C5
= Cl& 251
= C3Qz,

Properties of SS Matrices
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Summary of Angular Velocity and Notation NEW MEXICO TECH

Angular velocity can be

@ described as a vector

e the angular velocity of the b-frame wrt the a-frame resolved in the c-frame, J ¢,
@ Wap = —Wha

Properties of SS Matrices
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Summary of Angular Velocity and Notation NEW MEXICO TECH

Angular velocity can be
@ described as a vector
e the angular velocity of the b-frame wrt the a-frame resolved in the c-frame, J ¢,
® Wap = —Wpa
@ described as a skew-symmetric matrix QS, = [& ¢, x]

o the skew-symmetric matrix is equivalent to the vector cross product when
pre-multiplying another vector

Properties of SS Matrices
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Summary of Angular Velocity and Notation NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

Angular velocity can be
@ described as a vector

e the angular velocity of the b-frame wrt the a-frame resolved in the c-frame, J ¢,
@ Wap = —Wha

@ described as a skew-symmetric matrix QS, = [& ¢, x]

o the skew-symmetric matrix is equivalent to the vector cross product when
pre-multiplying another vector

o related to the derivative of the rotation matrix
Cp = Q3,C8 = C3Q5,
Cg = _QZan = _Cgan

Properties of SS Matrices
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Propagation/Addition of Angular Velocity NEW MEXICO TECH

Consider the derivative of the composition of rotations C = C)C}.

2 :%qq
= & =QG+QG
= 00,00 =05,0CG+RG2%,
= 0, =904 Tt G023, [C] !
= [@hx] =[@8x]+[C5Tx]
= Jp =dn+oh

=- angular velocities (as vectors) add so long as resolved common coordinate system

Add Angular Velocity
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Linear Position NEW MEXICO TECH

We can get back to where we started ... motion (translation and rotation) between frames

and their derivatives.
z1

Translation (position) be-

tween frames {0} and {1}:
>0 _ 20 | =0

oo = roitri

_ =0 01
= ro+Gri

Pos, Vel & Accel
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Linear Velocity NEW MEXICO TECH

Linear velocity:

Fha(t) = %( roir+ C1r12)
=+ G+ G L
=y +Q5, CPFl, + CPr,
:?81+[581X]C1712+C1r12

= r01 + @ ¥ (C1r12)+C1F12

Pos, Vel & Accel
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Linear Acceleration NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

Linear acceleration:

P = S (Bt ad x (k) + L)

0 | so0 0.1 ~0 0.1 ~0 01 2041 01
=To1 tWo1 X (C1’12) tdoy X (Cl’u) +tWor X (C1’12) + G2+ G2

/:7;31 + @91 X FLa(t) + B9y X (_’01 X ’1z(f + 239 x C17iz) +|EoFL,
accel of {1}'s origin ) /
i { J / Centripetal accel (w?r)
from {0} in {0}
Coriolis accel (2w x v)

Transverse accel , .
accel of {2}'s origin

from {1} in {0}
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