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Lecture Topics NEW MEXICO TECH

@ Review
@ Useful Quaternion Properties
@ Angular Velocity

@ Angular Velocity Using Quaternions
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Orientation Representations NEW MEXICO TECH

e DCM (9-elements), e.g., C2C}

e Quaternion (4-elements), e.q., G ® G

@ Recoordinatizing a vector using DCM, e.g., 72 = C2r?!
2

°

Recoordinatizing a vector using quaternion, e.g., ¥
F=[0 7"

Review
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Orientation Representations NEW MEXICO TECH

DCM (9-elements), e.q., C2C3

Quaternion (4-elements), e.q., 3 ® G

Recoordinatizing a vector using DCM, e.g., 7? = C2r?!

. .. _ . . v o =2 vl = 2\—1 _
Recoordinatizing a vector using quaternion, e.g., 7 =g{® F* ® (§1)~", where
F=[0 7"

How many additions and multiplications does each of the above computations require?
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Quaternion Multiply NEW MEXICO TECH

e Quaternion multiply

= = o = ~ 1= qsps — G- p
r=q@p= Q®P:[ = S = —»]
(] QsPp+psq+qgxp
where
ds —q4x —qy —Qq:
Gel = [ % T O

qy 4z ds  —Qx
4z —qy Qx ds

Review
e0
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Quaternion Multiply NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

@ Quaternion multiply (corresponds to reverse order DCM)

where

[G®] = gx _qs dz —qy
qy dz Qs ax
9z dy —ax gs

Review
o]
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% C and Angular Velocity NEW MEXICO TECH

Cg =Q3,C8 (1)
where
0 —w; Wy
Q2 =[d3px] = | w: 0 —wx

—Wy Wy 0




Angular Velocity using Angle Axis NEW MEXICO TECH

SCIENCE + ENGINEERING « RESEARCH UNIVERSITY,

@ Since the relative and fixed axis rotations must be performed in a particular order,
their derivatives are somewhat challenging

@ The angle-axis format, however, is readily differentiable as we can encode the 3

parameters by

where 6 = || K|

@ Hence,

Review

o Ki(t)
K = k(t)0(t) = | Ka(t) (2)
Ks(t)

(NMT)



Angular Velocity using Angle Axis NEW MEXICO TECH

e For a sufficiently “small” time interval we can often consider the axis of rotation to

—

be ~ constant (i.e,K(t) = k)

e This is referred to as the angular velocity (&J(t)) or the so called “body reference”
angular velocity

Review
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Motivation for Using Quaternions NEW MEXICO TECH

@ Require minimal storage
e Offer computational advantages over other methods

e Lack of singularities

Angular Velocity Using Quaternions
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Angular Velocity Using Quaternions NEW MEXICO TECH

@ Recalling that

ra 1. in(6/2
33051 = X010 — cos(0/2)7 + 51,517 2

where

@ Hence,

d _ d 1 0[32(t)®] db
diarnel — 9 tikeene _ OlaE(t)®] df
dt[qb(t)®] at 00  dt

_ %[%;,,@]e%[%sb@l@(f)é(t)
= > (F21in) la3(0)e)

Angular Velocity Using Quaternions

Aly El-Osery, Kevi rd  (NMT) EE 565: Position, Navigation and Timing February 8, 2018 10 /12



Angular Velocity Using Quaternions NEW MEXICO TECH

o let W3, = ([k3,210()) = [£3,]

o therefore,

0 _w:b,x wab,y gb,z
a _ jb,x 0 w:b,z wgb,y
ob w;b,y w:b,z 0 7w:b,x
w:b,z _w;b,y w:b,x 0

e and consequently,

Angular Velocity Using Quaternions
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Angular Velocity Using Quaternions NEW MEXICO TECH

o Now,

- 1. _ 1, _
5(t) = 5103@1a3(0) = 503 © a3(1)

g3(t) @85 @ (G5(1) 7 © g §(r)

— v b v = v — -1
[a5(t)@l0s, | @3, = d5(t) ® 2, ® (75(t))

= 54elas0 @) eayn -1

@ and consequently,

) = sI28las(e) = lat(oelst, = Slohelal(:)

Angular Velocity Using Quaternions
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