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1  Overview

Mechanization
We have already derived the kinematic models in several frames. These models may be
written in the form )
¥ =1(z,a) (1)

where f is possibly non-linear.

In Reality
Due to errors in the measurements we estimate & by integrating

7= (%) 2)

where 4 is the measurement vector from the sensors after applying calibration corrections.

If somehow we can model and possibly measure the error in the state we can then
subtract it from the estimate to obtain an accurate position, velocity and attitude. We may
also want to linearize the problem so that linear estimation approaches could be used.

Gyro and Accel Measurement Errors
All accelerometers and gyroscopes suffer from
e Biases
e Scale factor
e Cross-coupling
e Random noise

Components of Measurement Errors

e Fixed Errors: deterministic and are present all the time, hence can be removed using
calibration.

e Jemperature Dependent: variations dependent on temperature and also may be mod-
eled and characterized during calibration.

e Run-to-run: changes in the sensor error every time the sensor is run and is random
in nature.

e [n-run: random variations as the sensor is running.




2  Preliminaries

2.1 Basic Definitions
Notation Used

o Truth value

z
o Measured value
T
e Estimated or computed value
z
e Error
X=r—7

2.2  Linearization

Linearization using Taylor Series Expansion
Given a non-linear system # = f(Z, )
Let's assume we have an estimate of Z, i.e., Z such that ¥ = ¥ + 6%

F=Ft65= f(F+65,0) 3)
Using Taylor series expansion
N X . - A
F@+062,t) =7+ 67 = f(Z.1) +% 6F+ HOT
;o 0f(@1) .
ST 5:;5
> af(fv t) -
~ 4
=0 97 5255 (4)

3 Inertial Measurements

Actual Measurements _
Initially the accelerometer and gyroscope measurements, f% and @Y, respectively, will
be modeled as

#fb = J?fb + Aflz?b (5)
@b =ah + AdY, (6)

where fﬁ-’b and (Iii?b are the specific force and angular rates, respectively; and Af i?b and
A&, represents the errors. In later lectures we will discuss more detailed description of

these errors.




Error Modeling Example
Accelerometers

Fb = ba + (T + My)fb + nly + 1w,

Gyroscopes

b8 =by + (T + M,)S% + G,fb + 1,

K3

State Error Vector
Define the error state vector as

07,
55’}]\75 = 577257 ’ rYa/B € 7:,6,?1
=7
or b

Think of §Z as the truth minus the estimate, i.e.,

K

0 =7 —

(8)

(10)

The subtraction doesn’t apply to the attitude component of the vector and needs to be

treated differently

Pos, Vel, Force and Angular Rate Errors

e Position error
Sy =Y Sy
o7 gy =T g — T jp

e Velocity error
S G S
51)5,]*1)&—1)6})
e Specific force errors
7b 7b 7b
ofaw=1"Fa—Ih
7b 7b Zb 7b
Acfa=Afp—Af=—0f3

e Angular rate errors

b _ —=b b

0 = Wap — Wy
b _ A~b Sp - b
A =Ad ) — AL, = —0d ],

Attitude Error Definition
Define

5C) = CJCY = )~ T4 (597, x]

This is the error in attitude resulting from errors in estimating the angular rates.
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Attitude Error Properties
The attitude error is a multiplicative small angle transformation from the actual frame
to the computed frame

¢ = (T~ (593, x))C} (18)
Similarly, R
Ci = (T+ 552, x)C} (19)

Estimate of Sensor Measurement
Similarly the measuremed specific force and angular rate may be written in terms of the
estimates as

J??b = f§b+Afgb (20)
@b =Y+ AGY, (21)

where fb and & are the accelerometer and gyroscope estimated calibration values, re-
spectively.

4 ECI Error Mechanization

Problem Statement
Since the sensor measurements are corrupted with errors, derive an error model de-
scribing the position, velocity, and attitude as a function of time.

4.1 ECI Frame

ECI Error Mechanization Attitude

. ) d
Ci =i, = = [T+ i x))CH) =

W be]éé +(Z+ WEbX])

(Z+ [51/72%])01?9%
(Z + [&ZEIJX])Clz(st + 600,
= Lo, + (T + [Miw@)@%

(00, x] = CioQk,CP = (o6, x] (22)
5y = Ciocst, (23)
where [(51/7%><]6be ~ 0.
ECI Error Mechanization Velocity
zb - be ib + /7 (24)
{72:1; = C’éffb + %b =(T- [6$sz])cl§(f$b + Aef?b) + %;b (25)
51’725 =i — ﬁb = [5J§bx]céf?b + éiéf?b +69%
[(W sz]be ib T Cb5f wt T
51‘711; = _[éifb ><]51¢7§b + égéf?b + 694, (26)
Whelefzb_f Afzb: Fo + AFY, — fzb: Fo + Acfl =4 —0fY,
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ECI Error Mechanization Gravity Error
)
P (res(Ly) + hy)?

Assuming hy < rig

(y=hw) 7o
rea(ly) )T

Then converting from curvlinear coordinates to ECI

67l ~ —2

i 200(Ly) Tl nims
iy~ ——= ;j”z(rib)T&"ib
res(Lo) 7]

ECI Error Mechanization Position

S =i
Tib = Vb

Si o o
0T = 0T 3

ECI Error Mechanization Summary - in terms of 6%, 8@ %,

Sy O3x3 O3x3 O3x3
PR N e 290(Ly) i (i
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ECI Error Mechanization Summary - in terms of A, f %, A.&Y,

51[72!1 03><3 O3><3 03><3
gi | = |=[cife 2g0(Le) T (i
(51')% = |—[Cpfix] Osxs TZs(ﬁb)l;?i:\?(rib
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