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Coordinate Frame Transformation

• Determine the detailed kinematic relationships between the 4 major frames of interest
– The Earth-Centered Inertial (ECI) coordinate frame (i-frame)
– The Earth-Centered Earth-Fixed (ECEF) coordinate frame (e-frame)
– The Local Navigation (Nav) coordinate frame (n-frame)
– The Body coordinate frame (b-frame)
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ECI/ECEF

• Relationship between the ECI and ECEF frames
– ECI & ECEF have co-located orgins

~rie = ~̇rie = ~̈rie = 0

– The x, y, and z axis of the ECI & ECEF frames are coincident at time t0
– The ECEF frame rotates about the common z-axis at a fixed rate (ωie)

∗ Ignoring minor speed variatins (precession & nutation) ωie = 72.921151467µrad/sec
(WGS84) which is ≈ 15◦/hr
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ECI/ECEF

• The angular velocity and acceleration are

~ω i
ie =

 0
0
ωie

 ~̇ω i
ie =

0
0
0


• The angle of rotation is

θie = ωie(t− t0)

= ωiet+ θGMST

where GMST is the Greenwich mean sidereal time
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• The orientation of frame {e} wrt frame {i} becomes

Cie = R(~z,θie) =

cos θie − sin θie 0
sin θie cos θie 0

0 0 1


Note: ~ω i

ie = ~ω e
ie

.4

ECEF/Nav

• Description of the navigation frame
– Orientation of the n-frame wrt the e-

frame

Cen = R(~z,λb)R(~y,−Lb−90◦)

=

cosλb − sinλb 0
sinλb cosλb 0

0 0 1

− sinLb 0 − cosLb
0 1 0

cosLb 0 − sinLb


=

− sinLb cosλb − sinλb − cosLb cosλb
− sinLb sinλb cosλb − cosLb sinλb

cosLb 0 − sinLb


where geodetic Lat = Lb and Geodetic
Lon = λb
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ECEF/Nav

• Angular velocity of the n-frame wrt the e-frame resolved in the e-frame as a skew-
symmetric matrix

Ωeen = Ċen [Cen]
T

=


sLb

sλb
λ̇b − cLb

cλb
L̇b −cλb

λ̇b −cλb
sLb

L̇b + cLb
sλb

λ̇b

−cLb
sλb

L̇b − cλb
sLb

λ̇b −sλb
λ̇b sLb

sλb
L̇b − cLb

cλb
λ̇b

−sLb
L̇b 0 −cLb

L̇b

 [Cen]
T

=


0 −λ̇b −L̇b cos(λb)

λ̇b 0 −L̇b sin(λb)

L̇b cos(λb) L̇b sin(λb) 0



Ċen = CenΩnen = ΩeenC
e
n
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ECEF/Nav

• The angular velocity vector

~ω e
en =


sin(λ)L̇b

− cos(λ)L̇b

λ̇b

 ~ω n
en = [Cen]

T
~ω e
en =


cos(λ)λ̇b

−L̇b
− sin(Lb)λ̇b


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ECI/ECEF/Nav

• Hence the orientation of the n-frame wrt the i-frame becomes

Cin = CieC
e
n =


cθie −sθie 0

sθie cθie 0

0 0 1



−sLb

cλb
−sλb

−cLb
cλb

−sLb
sλb

cλb
−cLb

sλb

cLb
0 −sLb



=


− sin(Lb) cos(θie + λb) − sin(θie + λb) − cos(Lb) cos(θie + λb)

− sin(Lb) sin(θie + λb) cos(θie + λb) − cos(Lb) sin(θie + λb)

cos(Lb) 0 − sin(Lb)


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ECI/ECEF/Nav

• The angular velocity of the n-frame wrt the i-frame resolved in the i-frame is

~ω i
in = ~ω i

ie + Cie~ω
e
en

=


0

0

ωie

+


cos(θie) − sin(θie) 0

sin(θie) cos(θie) 0

0 0 1




sin(λb)L̇b

− cos(λb)L̇b

λ̇b



=


sin(θie + λb)L̇b

− cos(θie + λb)L̇b

ωie + λ̇b


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ECEF/Nav

• The vector from the origin of the e-frame to the n-frame origin resolved in the e-frame
(from the last lecture)

~r eeb =


(RE + hb) cos(Lb) cos(λb)

(RE + hb) cos(Lb) sin(λb)

(RE(1 − e2) + hb) sin(Lb)

 = ~r een

• The velocity of the n-frame wrt the e-frame resolved in the e-frame

~v een =
d

dt
~r een =

∂~r een
∂Lb

L̇b +
∂~r een
∂λb

λ̇b +
∂~r een
∂hb

ḣb

=


− sin(Lb) cos(λb) − sin(λb) − cos(Lb) cos(λb)

− sin(Lb) sin(λb) cos(λb) − cos(Lb) sin(λb)

cos(Lb) 0 − sin(Lb)




(RN + hb)L̇b

cos(Lb)(RE + hb)λ̇b

−ḣb



Origins of the n-frame

and the b-frame

are the same
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ECEF/Nav

• Recalling the form of Cen suggests that

~v een = Cen


(RN + hb)L̇b

cos(Lb)(RE + hb)λ̇b

−ḣb

 = Cen~v
n
en
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• and hence,

~v nen =


(RN + hb)L̇b

cos(Lb)(RE + hb)λ̇b

−ḣb


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ECEF/Nav
• Restating ~v nen as

~v nen =


(RN + hb)L̇b

cos(Lb)(RE + hb)λ̇b

−ḣb

 =


vnen,N

vnen,E

vnen,D


• and recalling that

~ω n
en =


cos(Lb)λ̇b

−L̇b
− sin(Lb)λ̇b


• suggests that

~ω n
en =


~v nen,E/(RE + hb)

−~v nen,N/(RN + hb)

− tan(Lb)~v
n
en,E/(RE + hb)


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Body Frame

• Description wrt the body frame
– Orientation of the b-frame wrt the n-frame in terms of

relative yaw (ψ), pitch (θ), then roll (φ) angles

Cnb = R(~z,ψ)R(~y,θ)R(~x,φ) =

cψ −sψ 0
sψ cψ 0
0 0 1

 cθ 0 sθ
0 1 0

−sθ 0 cθ

1 0 0
0 cφ −sφ
0 sφ cφ


=

cθcψ cψsθsφ − cφsψ cφcψsθ + sφsψ
cθsψ cφcψ + sθsφsψ cφsθsψ − cψsφ
−sθ cθsφ cθcφ


xb

yb

zb

Center of Gravity

yaw

pitch

roll
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Body Frame
• The angular velocity of the b-frame wrt the i-frame resolved/coordinatized in the i-

frame
~ω i
ib = ~ω i

in + Cin~ω
n
nb

= ~ω i
ie + Cie~ω

e
en + Cin~ω

n
nb

.14
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Body Frame

• Position vectors to the origin of the body frame
– The origins of the body and Nav frames are co-incident

~rnb = ~0

– The origins of the ECI and ECEF frames are co-incident

~reb = ~rib = ~ren = ~rin

– Velocity of the b-frame wrt the i-frame resolved in the i-frame
∗ A moving point in a rotation frame

~v iib =
d

dt
~r iib =

d

dt
Cie~r

e
eb

= CieΩ
e
ie~r

e
eb + Cie~v

e
eb

= Cie (Ωeie~r
e
eb + ~v eeb)
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Body Frame

• Acceleration of the b-frame wrt the i-frame resolved in the i-frame
– A moving point in a rotation frame

~a iib =
d

dt
~v iib =

d

dt

(
Cie (Ωeie~r

e
eb + ~v eeb)

)
= Ċie (Ωeie~r

e
eb + ~v eeb) + Cie

 Ω̇eie

ω̇ = 0

~r eeb + Ωeie~̇r
e
eb + ~̇veeb


= CieΩ

e
ie (Ωeie~r

e
eb + ~v eeb) + Cie (Ωeie~v

e
eb + ~a eeb)

= Cie (ΩeieΩ
e
ie~r

e
eb + 2Ωeie~v

e
eb + ~a eeb)
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