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Coordinate Frame Transformation NEW MEXICO TECH

@ Determine the detailed kinematic relationships between the 4 major frames of
interest

The Earth-Centered Inertial (ECI) coordinate frame (i-frame)

The Earth-Centered Earth-Fixed (ECEF) coordinate frame (e-frame)

The Local Navigation (Nav) coordinate frame (n-frame)

The Body coordinate frame (b-frame)
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ECI/ECEF NEW MEXICO TECH

o Relationship between the ECI and ECEF frames
e ECI & ECEF have co-located orgins

fie =Fe =Te=0

e The x, y, and z axis of the ECI & ECEF frames are coincident at time ty
e The ECEF frame rotates about the common z-axis at a fixed rate (wje)

e Ignoring minor speed variatins (precession & nutation) wj = 72.921151467;rad/sec
(WGS84) which is ~ 15°/hr
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ECI/ECEF NEW MEXICO TECH

@ The angular velocity and acceleration are

. 0 .. 0
Gh=[0]| dL=|o
Wie 0
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ECI/ECEF NEW MEXICO TECH

@ The angular velocity and acceleration are

e The angle of rotation is

. 0 .. 0
Gh=[0]| dL=|o
Wie 0

bie = wie(t — to)
= wiet + OcmsT

where GMST is the Greenwich mean sidereal time

(NMT)
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ECI/ECEF NEW MEXICO TECH

@ The angular velocity and acceleration are
0 0
Jie=10 Jie=10
0

e
Wie

e The angle of rotation is
Oie = wie(t — to)
= Wiet + OemsT

where GMST is the Greenwich mean sidereal time
@ The orientation of frame {e} wrt frame {i} becomes

' cosfe —sinf, O
Cé = R(E,Gie) = |sin 0,‘6 Cos Hie 0
0 0 1
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ECEF/Nav NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

@ Description of the navigation frame
o Orientation of the n-frame wrt the e-frame

G = Rz Ry~ Lo—90°)

cos\p, —sinAp, O] [—sinlp, 0 —cosly
= |sinAp, cosAp, O 0 1 0
0 0 1 cosl, 0 —sinly
—sinLpcos\p, —sinAp, —cosLlpcosAp
= | —sinlpsin\p, cos), —coslpsinAp
cos Ly 0 —sinLy

where geodetic Lat = L, and Geodetic Lon = A,

Vedeward (NN



ECEF/Nav NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

@ Angular velocity of the n-frame wrt the e-frame resolved in the e-frame as a skew-symmetric matrix




ECEF/Nav NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

@ Angular velocity of the n-frame wrt the e-frame resolved in the e-frame as a skew-symmetric matrix

Q, = Gc)” Cs = Coag, = Q5,C;
| SLSAAb — CLCALb  —CayAb —CaSL,Lb + CLySAAb
= _CLbSAbLb - C/\bsLb}\b _SAb).\b 5Lb5)\bi—b - CLbC/\bj\b [Cﬁ]T
| —sLbLb 0 —cLbLb
[ o b —Lpcos(\p)
= b 0 —Lpsin(Ap)
_Lb cos(Ap) Lpsin(Ap) 0
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ECEF/Nav NEW MEXICO TECH

@ The angular velocity vector

sin(\) Ly cos(A)Ap
ajgn: _COS()\)Lb (‘_jgn: [Cs]Tﬁgn: _Lb
).\b — sin(Lb)).\b
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ECI/ECEF/Nav NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

@ Hence the orientation of the n-frame wrt the i-frame becomes

NM



ECI/ECEF/Nav NEW MEXICO TECH

@ Hence the orientation of the n-frame wrt the i-frame becomes

(o7B

e e 0 TS TSN, TELLCN,
i ire _
n=CCs = S,

N
[

. 0 TSLpSh, Ny TCLLSN,

ie

0 0 1 CLy, 0 —SL,

—sin(Lp) cos(fie + Ap) —sin(fie + Ap) — cos(Lp) cos(bie + Ap)
= |- Sin(Lb) sin(@,-e + /\b) COS(@,’E -+ )\b) - COS(/_b) sin(@;e + /\b)
cos(Lp) 0 —sin(Lp)
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ECI/ECEF/Nav NEW MEXICO TECH

e The angular velocity of the n-frame wrt the i-frame resolved in the i-frame is

and Timing



ECI/ECEF/Nav NEW MEXICO TECH

e The angular velocity of the n-frame wrt the i-frame resolved in the i-frame is

=i i—e
win_wie+ Cewen

0 cos(fie) —sin(fie) O sin(\p) L
= 10|+ |sin(fie) cos(ie) 0| |—cos(Ap)Lp
Wie 0 0 1 Ab

Sin(e,'e + Ab)Lb
= | —cos(fie + )\b)Lb
Wie + }\b
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ECEF/Nav

NEW MEXICO TECH
@ The vector from the origin of the e-frame to the n-frame origin resolved in the e-frame (from the last lecture)

e
Fep =

(Re + hp) cos(Lp) cos(Ap)
(Re + hp) cos(Lp) sin(Ap)
(RE(]. — 62) + hb) sin(Lb)

@ The velocity of the n-frame wrt the e-frame resolved in the e-frame

—e

Ven =

d. o
dr'en = 6
—sin(Lp) cos(Ap)

)
—sin(Lp) sin(Ap)

cos(Lp)

Br ore

en
8)\ )\b +

—sin(Ap)
cos(Ap)
0

enh
Ohy °

—cos(Lp)sin(Ap)
—sin(Lp)
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— cos(Lp) cos(Ap)

SCIENCE + ENGINEERING « RESEARCH UNIVERSITY,

Origins of the n-frame
and the b-frame

are the same

(R + hy)Lp

COS(Lb)(RE + hb)/.\b

—hp

ary 13, 2020



ECEF/Nav NEW MEXICO TECH

@ Recalling the form of CS suggests that

(Rn + hp)Lp
Ven = Cy |cos(Lp)(Re + hp)Ap| = CiV ey
—hp
@ and hence,
(Rn + hy)Lp
Ven = |cos(Ls)(Re + ho)As
—hp

1 (NMT) b February 13, 2020 1 /16



ECEF/Nav NEW MEXICO TECH

@ Restating v, as

(Ry + hy) Ly vhN
Ven = |cos(Ls)(Re + ho)hs | = | Vi,
—hp Vgn,D
o and recalling that
cos(Lp)Ap
Gan=1 —Ls
—sin(Lp)Ap

@ suggests that
Ven e/ (Re + hb)
Wen = =V 2, n/(Rn + h)
—tan(Lp)Ve, g/(Re + hy)
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Body Frame NEW MEXICO TECH

'SCIENCE + ENGINEERING + RESEARCH UNIVERSITY

@ Description wrt the body frame

o Orientation of the b-frame wrt the n-frame in terms of relative yaw (v),
pitch (0), then roll (¢) angles

Cy —Sy 0 Co 0
Cg = R(;yw)R(yyg)R(;gyd)) = | Sy Cy 0 0 1 0 0 Co
0 0 1| |—-s O
CoCy  CySeSy — CpSy  CpCySo + SpSy
= | CoSy CpCy + S9SpSy  CpSeSy — CySe
—Sp CoS¢ CoCy

Center of Gravity

I (NMT)
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Body Frame NEW MEXICO TECH

e The angular velocity of the b-frame wrt the i-frame resolved/coordinatized in the
i-frame

and Timing ary 13, 2020



Body Frame NEW MEXICO TECH

e The angular velocity of the b-frame wrt the i-frame resolved/coordinatized in the
i-frame
i

=i i—=n
Wip =i+ Cipp

=i i—e i=n
_wie+ Cewen+ annb
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Body Frame NEW MEXICO TECH

e Position vectors to the origin of the body frame
o The origins of the body and Nav frames are co-incident

b =0
e The origins of the ECI and ECEF frames are co-incident
feb = lib = fen = lin

o Velocity of the b-frame wrt the i-frame resolved in the i-frame
@ A moving point in a rotation frame

i d —i d i—e

v —
Vib =

—rib= —Lelep
dt”  dt °°

ine —e i—e
= CeQiereb + CeVep

= Co(QFe + V)

020



Body Frame NEW MEXICO TECH

@ Acceleration of the b-frame wrt the i-frame resolved in the i-frame
e A moving point in a rotation frame

Cod e
A= Vb= (C( S+ V)
0

Co(QRre, +Va) + C }I{FibJrQ?eFZbJerb

= C;Q?e (Qlee ﬂgb +v eb) + C (Q?e‘?:b + 5:b)
= Co(QQL7E + 204V E, +35)
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