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EE 341 — Homework Chapter 2

2.1 The electrical circuit shown in Fig. P2.1 consists of two resistors R1 and R2 and a
capacitor C.

(1) Determine the differential equation relating the input voltage v(t) to the output voltage
y(©).

(i1) Determine whether the system is
(a) Linear, (b) time-invariant; (c) memoryless; (d) causal, (e) invertible, and (f) stable.

(@)
Applying Kirchoff’s current law to node 1
y@—v(@®) y@) _dy
T TR tCa 70
dy R1+R2 _v(t)

2t T TrRiRz YW = e

(i1) Determine whether the system is
(b) Linear
For v1(t) applied as the input, the output is y1(t), also for v2(t) applied the output is
y2(t):
dyl ., R1+R2 dy2 = R1+R2

CR]'?-*_Tyl(t) = v1(t) and CRlF-i—TyZ(t) = v2(t)

Also let,

v3(t) = avl(t) + Bv2(t) or cm% + RLHR2

R2

y3(t) = avl(t) + Bv2(t)

Substituting v1(t) and v2(t) we’ll have
dy3 R1+R2 dyl R1+R2 dy2 R1+R2

y + _ ayl + by +
CR1——+——>—3(t) = CR1[ R + s (ay1+ By2)]

So y3(t) = ayl(t) + By2(t)
System is linear.

(c) time-invariant
For v(t-t0) applied as the input, the output y1(t) is:

dyl R1+R2 . 1 .
at T CrRirz V1O = gpp U« )
Substitute t=t-t0 (so dt=dt)

dyl(z+t0) R1+ R2

1
ar T crigz Y10 =prv(@
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So yl(t)=y(7-t0)
The system is time-invariant

(d) memoryless

1 (¢ R1+R2 (¢
y(t) = CRL _oov(r)dr ~ CRiRZ f_ooy(r)dr
The output y(t) as t =t0 is
1 [t R1+R2 (%
YO = g7 | v - [y

It is clear that the output depends on previous values of the input v(t).
System is not memoryless

(e) causal
System is causal since it only depends on previous inputs.

(f) invertible

dy R1+R2
v(t) = CR1—+

TR YO

The system is invertible

(g) stable.
The system is BIBO stable since a bounded input will always produce a bounded
output.

2.5 Eq. (2.16) describes a linear, second-order, constant-coefficient differential equation
used to model a mechanical spring damper system.
(1) By expressing Eq. (2.16) in the following form:

d2y+wndy+ 2(t)_l .
acz " Q ac T _Mx()

Determine the values of ®n and Q in terms of mass M, damping factor r, and the spring
constant k.

(i1) The variable on denotes the natural frequency of the spring damper system.
Show that the natural frequency ®n can be increased by increasing the value of

the spring constant k or by decreasing the mass M.

(ii1) Determine whether the system is
(a) Linear, (b) time-invariant; (c) memoryless; (d) causal, (e) invertible, and (f) stable.

(1) By expressing Eq. (2.16) in the following form:
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d*y wndy 1
t) =—x(t
dt2+th+wny() x(t)
Determine the values of on and Q in terms of mass M, damping factor r, and the spring
constant k.
d’y Mwndy 5
MP TE-FMOUTI, _’y(t) = x(t)
Comparing to Eq. 2.16 we will have:

wn = ./k/M and Q = @

(i1) The variable mn denotes the natural frequency of the spring damper system. Show
that the natural frequency on can be increased by increasing the value of the spring
constant k or by decreasing the mass M.

From wn = /k/M we can see that increasing k increases on, or decreasing M.

(iii) Determine whether the system is

(a) linear
2
Mddg;l +M% Mwndlz+ Mwn?y2(t) = x2(t)
M;m 3+ Mwn 2y3(t) = ax1(t) + Bx2(t)
d’y3 Mwndy3
Mwn?y3(t
dt2+Q dt+ wny3(t)
d’yl Mwndyl d?y2 Mwndy2
= a|M M
al dt? + Q dt]+ [ dt? + Q dt
+ Mwn?y2(t)]

So y3()=ay L()+By2(t)
The system is linear.

(b) time-invariant
For x(t-t0) applied as the input, the output y1(t) is:
d?y1 N Mon dy1

dt? Q dt

+ Mwn?y1(t) = x(t)

Substitute t=t-t0 so dt=dt
Md2y1(2'+ t0) Mwndyl(z+ t0)
dt? Q dt

+ Mwn?y1(z+ t0) = x(t + t0)

So yl(t)=y(7-t0)
The system is time-invariant.

(c) memoryless
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To get the output we need to integrate twice the second order diff. eqn.

y(t) = %f_; f_;x(a)dadr — wn? f_too f_; y(a)dadt — %f_;yl(a)da

It is clear that the output depends on past values of the input.
System is not memoryless.

(d) causal
From part © we can deduce that the system is causal

(e) invertible
x(t) can be obtained from equation above so system is invertible.

(f) stable.
The system is BIBO.

2.11 For an LTIC system, an input x(t) produces an output y(t) as shown in Fig. P2.11.
Sketch the outputs for the following set of inputs:

(1) 5x(t)
(i1) 0.5x(t-1)+0.5x(t+1)

(i)  x(t+1)-x(t-1)
)

-2 1 2

(1) Using linearity property 5x(t) — Sy(t)

(i1) Using linearity property 0.5x(t-1)+ 0.5x(t+1) — 0.5y(t-1)+ 0.5y(t+1)
(i11))  Using linearity property x(t-1)-x(t+1) — y(t-1)-y(t+1)
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2.18 The output h[k] of a DT LTI system in response to a unit impulse function o[k] is
shown in Fig. P2.18. Find the output for the following set of inputs:
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h[k]

el e L
el . Lo
L J
o

(i) x[k]=5[k+1]+8[k]+5[k-1]
()  x[k]=Xm=—w 6[k — 4m]
(i)  x[k]=u[k]

(1) x[k]=8[k+1]+06[k]+0[k-1]
The impulse response is given by d[k] — h[k]=5[k+1]-28[k]+d[k-1]
So the response to input x[k] is given by
Olk+1] — h[k+1]=0[k+2]-25[k+1]+3[k]
O[k] — h[k]=0[k+1]-20[k]+06[k-1]
d[k-1] — h[k-1]=0[k]-25[k-1]+0[k-2]
So the total response is:
O[k+1]-26[k]+0[k-1] — d[k+2]-0[k+1]-8[k-1]+ J+3[k-2]

(i)  x[kl=Xm=-o0 6[k — 4m]
The response will be a periodic signal with period K=4. One period is given by;

1 k=-1

_)-2 k=0
W=7 k=1
0 k=2

(i)  x[k]=u[k]
The response will be a causal signal (due to a unit step):
ylk]=h[k]+h[k-1]+h[k-2]+....

2.21 The series and parallel configurations of systems S1 and S2 are shown in Fig.
P2.21. The two systems are specified by the following input-output relationships:

S1: y[k]=x[k]-2x[k-1]+x[k-2]
S2: y[k]=x[k]+x[k-1]-2x[k-2]

@) Show that S1 and S2 are LTI systems
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(i1) Calculate the input-output relationship for the series configuration of systems S1
and S2 as shown in Fig. P2.21(a).

(iii))  Calculate the input-output relationship for the parallel configuration of systems S1
and S2 as shown in Fig. P2.21(b).

(iv)  Show that the series and parallel configurations of systems D1 and S2 are LTI
systems.

@) Show that S1 and S2 are LTI systems
Use the property of linear, constant coefficient finite difference equation which represents
a LTI system

(i1) Calculate the input-output relationship for the series configuration of systems S1
and S2 as shown in Fig. P2.21(a).
Denote the output of S1 as:
wlk]=x[k]-2x[k-1]+x[k-2]
Denoting the output of S2 as y[k] (given that the input is w[k]):
ylk]=w[k]+w[k-1]-2w[k-2]
Substituting the first equation into the second one we’ll have:
ylk]=(x[k]-2x[k-1]+x[k-2])+(x[k-1]-2x[k-2]+x[k-3])-2(x[k-2]-2x[k-3]+x[k-4])
So
ylk]=x[k]-x[k-1]-3x[k-2])+5x[k-3]-2x[k-4]

(ii1))  Calculate the input-output relationship for the parallel configuration of systems S1
and S2 as shown in Fig. P2.21(b).
The outputs of systems in parallel are added:
ylk]=2x[k]-x[k-1]-x[k-2]

(iv)  Show that the series and parallel configurations of systems D1 and S2 are LTI
systems.

Since both represent linear, constant coefficient differential equations then both systems

are LTI systems.



